
Contents lists available at ScienceDirect

Journal of Petroleum Science and Engineering

journal homepage: www.elsevier.com/locate/petrol

A novel methodology for synthesizing the wetting capillary pressure curve
of rocks through sorptivity data

Ernestos Sarrisa,∗, Elias Gravanisb, Ioannis Ioannouc

aUniversity of Nicosia, Department of Engineering, Oil and Gas Engineering Program, P.O. Box 24005, 1700, Nicosia, Cyprus
b Cyprus University of Technology, Department of Civil Engineering and Geomatics, P.O. Box 50329, 3603, Limassol, Cyprus
cUniversity of Cyprus, Department of Civil and Environmental Engineering, P.O. Box 20537, 1678, Nicosia, Cyprus

A R T I C L E I N F O

Keywords:
Capillary pressure curve
Synthetic reconstruction of wetting curve
Van Genuchten model
Sorptivity test
Finite element analysis
Back analysis

A B S T R A C T

Capillary pressure as a function of moisture content is an essential element in the modelling of multiphase flow
in porous media, such as rocks. The constitutive relationship predicting the capillary pressure as a function of
fluid saturation in these materials has been the focus of many studies in the literature, as the direct experimental
determination of the former is usually time-consuming and not quite straightforward, owing to the topologically
complicated pore structure of rocks. In this paper, we perform a systematic analysis of the interrelation between
capillary pressure curves (CPC) and the corresponding imbibition curves to evaluate the parameters influencing
the entire diffusive process. The aim is the reconstruction of the wetting CPC from sorptivity test data through
back analysis, within the framework of the Van Genuchten model. We perform numerical simulations with finite
elements, using as input synthetic models of CPC with one, two and three degrees of freedom, the latter being the
widely accepted Van Genuchten model. The effectiveness and the limitations of the different models used and
the sensitivity of the imbibition curves to each degree of freedom are investigated and critically evaluated. The
whole investigation is assisted by theoretical estimations of the sorptivity coefficient, as a function of the model
parameters and the measured quantities. The results of our analysis provide not only a clarification of the
aforementioned interrelation, but also a relatively simple procedure for reconstructing synthetically the wetting
CPC.

1. Introduction

The absorption or imbibition of a liquid, such as water, into porous
media (e.g. rocks) is governed by capillarity. At equilibrium, the state of
water in an unsaturated porous rock is characterized by the capillary
pressure. The latter defines the capillary suction property of any porous
material in relation to the water content (Hall and Hoff, 2012).

The relation between capillary pressure and moisture content is an
intrinsic property of a given porous material, often called the water
characteristic (or capillary pressure) curve of the material. This curve
finds applications in the study and modelling of physical phenomena in
petrophysics and petroleum engineering. In fact, it is of paramount
importance when e.g. water displaces air in a porous system (Ioannou
et al., 2003). Hence, the problem essentially amounts to the study of
two-phase flow in the pore-throat structure of a material.

The water characteristic curve for a given porous material is usually
obtained experimentally. However, this is a rather long and tedious
task, which requires measurements of both drying and wetting curves

over the full range of water contents (from dry to saturation) (Bruce and
Welge, 1947; Purcell, 1949; Slobod et al., 1951; Dumore and Schols,
1974; Ayappa et al., 1989; Chen and Ruth, 1993; Fleury and Longeron,
1998; Tsakiroglou and Payatakes, 1998; Al-Omair, 2009). It is therefore
important to develop models that estimate the water characteristic
curves of porous materials. Such models, describing this particular two
phase-flow problem in porous materials, nevertheless suffer from the
widely-recognized problem that the constitutive relationships of the
capillary pressure as a function of the moisture content are non-unique,
because of the topologically complicated pore structure of the mate-
rials. This has led to a number of dedicated studies aiming to close the
gap between the difficult experimental determination of the water
characteristic curve and the non-uniqueness that the various models
exhibit, to describe the behavior of the water characteristic curve for
specific porous materials (e.g. You et al., 2018).

Relatively recent research, in particular, has utilized indirect
methods to reconstruct the capillary pressure curve from spontaneous
imbibition data (Shojaadini Ardakany et al., 2014; Standnes, 2009).
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Another approach for synthesizing the capillary pressure curve for re-
servoir applications adopted the use of nuclear magnetic resonance
(NMR) data (Xiao et al., 2016). The reconstruction of capillary pressure
curves through simulations or model fitting has also been proposed. For
example, a neural network algorithm utilizing the J-function to predict
the capillary pressure curves in heterogeneous rocks was proposed by
You et al. (2018). Models include those proposed by Bear et al. (2011)
and Diaz et al. (1987), which describe the porous network with specific
geometric shapes, others describing the dynamic nature of the capillary
pressure curve (Beliaev and Hassanizadeh, 2001) and some empha-
sizing the hysteretic nature of the capillary pressure curves (Braddock
et al., 2001).

In this work, we use the imbibition data obtained from a sorptivity
test on a natural chalk quarried from the Lefkara formation in Cyprus
(Modestou et al., 2016). In order to synthesize the wetting capillary
pressure curve of the porous sample, we use back analysis with the help
of the finite element method to simulate its saturation based on its
porosity, saturated and relative permeability (unsaturated hydraulic
conductivity) and capillary pressure curve. The output is the cumula-
tive absorption curve. The capillary pressure curves are modeled with
one-, two- and three-parameter models, the latter being the Van Gen-
uchten model (Van Genuchten, 1980), while the other two depict spe-
cial cases of the aforementioned model. Our aim is to investigate the
effect of the characteristics of the capillary pressure curve onto the
characteristics of the cumulative absorption curve, thereby re-
constructing by back analysis the capillary pressure curve through the
experimental capillary absorption data. We find that main features of
the wetting curves are obtained through just one-parameter models,
while finer characteristics, such as transition to full saturation, require
higher order models like the Van Genuchten one. The degree to which
these finer characteristics are encapsulated by the two- and three-
parameter models is investigated in detail. The novelty of our analysis
lies in synthesizing the capillary pressure curve through simple means,
such as the sorptivity test and a finite element software.

2. Theoretical background

One-dimensional flow of liquid may be described in terms of the
unsaturated flow equation:
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t x

D θ
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where D is capillary diffusivity [mm2/s]. The early time solution of
equation (1), subject to the boundary conditions θ= θs for x=0, t≥ 0;
θ= θd for x > 0, t=0 is:

=x θ t φ θ t( , ) ( ) 1/2 (2)

where φ(θ) is the self-similarity function for the imbibition solution
(Hall and Hoff, 2012). Equation (2) suggests that as water is absorbed
or imbibed into an initially dry porous material, the wet front advances
as t1/2. From this equation, it also emerges that the cumulative volume

of water absorbed by the porous material per unit area of the absorbing
surface is given by:

=i S t (3)

where i is the cumulative absorption of fluid per unit area. Equation (3)
defines the sorptivity, S, an important measurable property of porous
materials (Gummerson et al., 1980). It is worth noting that the units of
S2 [mm2/s] are the same as the units of capillary diffusivity, D.

During the capillary absorption or imbibition process, the diffusion
of water through the pores of the rock depends on its unsaturated hy-
draulic conductivity k and the dependence of the capillary pressure Pc
on the water content θ. More specifically, the diffusion is regulated by
the slope of the capillary pressure curve; greater slope implies greater
diffusion. The slope for small water contents, i.e. when the material is
mostly dry in a given small volume, affects primarily the capillary ab-
sorption rate or the sorptivity. The slope at larger water contents, i.e.
when the material is primarily wet in a given small volume, affects the
rate of passage of the material to saturation.

The diffusivity coefficient D depends on the water content θ ac-
cording to the following equation (Hall and Hoff, 2012):

= −D θ k θ
dψ
dθ

( ) ( ) c
(4)

where the hydraulic head ψc [mm] is proportional to the capillary
pressure Pc: ψc= Pc/γ, where γ is the unit weight of water. Associating
the characteristics of the capillary pressure curve Pc-θ to the imbibition
curve i-√t is the subject of this work. The capillary pressure curve will
be modeled by three types of relations with increasing degrees of
freedom.

1-parameter model:

= −θ P
P

1 c

0 (5)

The 1-parameter model imposes a linear relationship between the
water content θ and the capillary pressure, such that θ vanishes at some
pressure P0, the capillary pressure scale of the model. Hence, P0 is the
single degree of freedom in this model. The pressure parameter P0 is a
scale of the capillary suction for a fully dry rock.

For this model, the diffusivity reads:

=D θ k P
γ

θ( ) s 0 3
(6)

We assume that the unsaturated hydraulic conductivity follows a
cubic law: k(θ)= ksθ3, where ks is the saturated hydraulic conductivity.
We use this law throughout our analysis. The hydraulic conductivity k
of the rock for a given fluid is related to its intrinsic permeability κ by
k= κγ/η, where η is the dynamic viscosity of the imbibed fluid.

Given the diffusivity, sorptivity can be estimated by the analytical
formulas derived in the past by Parlange and collaborators (Parlange,
1975; Parlange and Braddock, 1980; Parlange et al., 1984, 1992, 1994),
one of which reads:

Nomenclature

A sample cross sectional area
a model parameter
b model parameter
D diffusivity
i cumulative absorption per unit surface area
k unsaturated hydraulic conductivity
ks saturated hydraulic conductivity
m VG model parameter
n VG model parameter
Pc capillary pressure

P0 pressure parameter
S sorptivity
Δw weight increase
α VG model parameter
Γ x( ) Gamma function
γ unit weight of the fluid (water)
η dynamic viscosity of fluid
θ water content
κ intrinsic permeability
ρ fluid density of water
ϕ porosity
ψc hydraulic head
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where ϕ is the porosity of the material. Through that one calculates:
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We observe that S2 is proportional to P0. That can be analyzed di-
rectly on dimensional grounds: S2 has the units of diffusivity [mm2/s]
and given that hydraulic conductivity is a speed [mm/s], it must be
merely multiplied by a length, and the only available one is P0/γ. Hence
S is proportional to √P0, as a general fact. This is one of the things we
shall investigate numerically in this study.

2-parameter model:

⎜ ⎟= ⎛
⎝
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⎠
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a P

1 c
a

0 (9)

where the exponent a is any number other than zero. The exponent a is
a dimensionless quantity, which can be regarded as a shape parameter
controlling the form of the retention curve in the neighborhood of the
dry state; |a|P0 can be regarded as a scale for capillary suction in the dry
state. Clearly for a=1 the 2-parameter model reduces to the 1-para-
meter one. For given scale P0, the capillary curves have the same slope
at full saturation: dPc/dθ=−P0 at θ=1 for all values of a. This fa-
cilitates somewhat the parametric investigations of this work.

For positive values of a, θ vanishes for capillary pressure aP0. For
negative a, the water content θ vanishes only asymptotically. One
should note that for large negative or positive values, a→±∞, the
model becomes

⎜ ⎟= ⎛
⎝

− ⎞
⎠

θ P
P

exp c

o (10)

Inverting the 2-parameter model (equation (9)) we have explicitly:

= −P aP θ(1 )c
a

0
1/ (11)

Hence, using equation (4), the diffusivity reads simply:

= +D θ k P
γ

θ( ) s a0 2 1/
(12)

For a→±∞, the diffusivity depends on the square of water content.
Also, by using equation (7) the sorptivity coefficient for the 2-parameter
model reads:
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We have already discussed the fact that S∝√P0. In the 2-parameter
model there is a non-trivial dependence on the exponent a. This de-
pendence is most clearly illustrated by the ratio:
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This is another fact, which we shall investigate numerically in this
study. This formula holds for both positive and negative values of a.
One may note that it predicts infinite sorptivity for a=−1/3 and
a=−1/4 and, moreover, a fairly unphysical behavior between
a=−1/3 and a=0, which also involves negative values and zero
values for the sorptivity. Hence, we shall take seriously the cases a>0
and a<−1/3. For a→±∞, the ratio in equation (14) approaches 35/
27= 1.296. On the other hand, one should bear in mind the limitations
of the analytical equation (7) discussed e.g. in (Parlange, 1975;
Parlange and Braddock, 1980; Parlange et al., 1984, 1992, 1994),
where the factor 1+θ is rather a result of analytically supported
guesswork than an exact result. This fact will come up in the discussion
of the 3-parameter model.

3-parameter model (Van Genuchten model [VG]):

Fig. 1. Experimental setup (top) and production of the cumulative capillary absorption curve (bottom).
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We shall study this model for a<0 alone, as it is the usual case for
the specific exponent of the VG model (Hall and Hoff, 2012); the cor-
respondence between our parameters and those of the VG model are
discussed in section 4. The exponent b is a dimensionless quantity,
which can be regarded as a shape parameter controlling the form of the
retention curve in the neighborhood of the fully saturated state. The
(negative a) 2-parameter model is a special case (for b=1) of the VG
model. One should note that for a→−∞, the model converges to
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By the form of its definition, the near saturation behavior of the
model (equation (15)) depends only on P0 and not on a, as is the case
with the 2-parameter model.

Inverting the 3-parameter model (equation (15)) we have

= −P P a θ( (1 ))c
a b

0
1/ 1/ (17)

Hence, again by using equation (4) the diffusivity reads

= −+
−
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There are certain differences between the VG model and the 1- and
2-parameter models. For small θ,

∼ +D θ θ( ) ab2 1/( ) (19)

which for increased b (and a<0) is flatter than the 2-parameter ne-
gative a models. Also, as (1/b)−1 is negative, the VG model diffusivity
diverges near saturation, although it does so in a soft enough manner so
that integrals such as equation (7) are still valid.

Applying equation (7) for the VG diffusivity (equation (18)) we find:
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Γ(x) is the usual Euler Gamma function. One must remember though
that formulas such as equation (7) are not exact. Depending on the type
of diffusivity, the factor 1+θ in equation (7) could be more effectively
replaced by 2θγ for some constant exponent γ, see e.g. Parlange and
Braddock (1980). It so turns out that equation (20) is in moderate
agreement with our numerical results (see section 4) regarding the
dependence on the parameter b. Hence, we looked for a formula that
could reproduce well the numerical results. Indeed, replacing the factor
1+θ with 2θ in equation (7) we find
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which reproduces excellently the results of our simulations regarding
the b-dependence of the sorptivity. The ratio of interest here is:
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3. Methodology

3.1. Experimental procedure

The sorptivity of the porous rock we have used for the purposes of
our analysis was determined in accordance with the method described
by Gummerson et al. (1980), which involves measurement of the water
capillary rise absorption rate (Fig. 1).

Distilled water was used as the permeating test fluid. The sample
had the shape of a cylinder with diameter 37.23mm and height

68.72mm (Fig. 1). In order to produce accurate results, the vertical
sides of the sample were sealed with epoxy resin to prevent water ab-
sorption into the surface pores. The sample rested on non-absorbing
rods to allow free access of water to the inflow surface. The water level
was fixed at 3mm above the bottom surface of the specimen (see
Fig. 1). The quantity of absorbed fluid was measured at regular time
intervals by weighing the specimen. For better representation of the
capillary absorption curve, a large number of experimental points were
obtained (Fig. 1). The sorptivity was determined from the slope of the
cumulative capillary absorption curve, i.e. the plot of i= Δw/(Aρ),
where Δw is the sample weight increase, A is the sample cross sectional
(base) area and ρ is the fluid (water) density, against the square root of
time (see also equation (3)).

3.2. Numerical model

The numerical modelling of the sorptivity test is not a trivial process
as it involves fluid flow in porous media under unsaturated conditions.
The equations of the numerical model describe a coupled fluid flow–-
deformation behavior (Abaqus, 2012), but for the purposes of this work
only the fluid flow equations will be required. This is facilitated by
constricting all nodes of the numerical model in all directions
( = =dx dy0, 0), thereby forbidding deformations; thus only fluid flow
is modeled in this way.

The most important model assumptions can be summarized as fol-
lows: (1) 1-D fluid flow in the porous medium along the vertical di-
rection, (2) the rock is considered to be homogeneous with a uniformly
constant porosity, (3) the relative hydraulic conductivity follows the
cubic law, (4) the driving force in the fluid movement is the capillary
pressure gradient, (5) the deformation in the coupling of fluid flow-
deformation system of equations is ignored, (6) the influence of gravity
is considered to be negligible and (7) the evaporation at the top side of
the model is not taken into consideration in the modelling.

The numerical model was created in Abaqus, a commercial software
suit of programs which is fit for this purpose. The dimensions of the
model were 1 mm×70mm (one element in X-direction and 70 ele-
ments in Y-direction) with each element representing 1 mm×1 mm
dimensions. The solution was assumed to obey plane strain conditions
with 1mm thickness in the Z-direction. The element that was con-
sidered has 4-nodes forming a quadrilateral shape, with isoparametric
formulation and reduced integration. The call id of this element in
Abaqus is CEP4RP. This element presents three degrees of freedom at
each node (X-displacement, Y-displacement and pore pressure).

The material properties were set according to Table 1. These include
both rock and fluid parameters. The saturated permeability was ob-
tained experimentally with a liquid-perm permeameter, using a stan-
dard Hassler-type cell, allowing for the calculation of the permeability
according to Darcy's law. The porosity was also estimated with a He-
lium porosimeter, which allows for the measurement of the effective
porosity by expansion of Helium in the pore system of the rock. The
permeating fluid was in both cases distilled water with the appropriate
unit weight γ.

The loading of the numerical model comprises of a boundary

Table 1
Model parameters.

Parameter Value

Rock and Fluid Properties
saturated hydraulic conductivity, ks [mm/sec] 1.69×10−5

unsaturated hydraulic conductivity, k [mm/sec] ks θ3
unit weight of fluid, γ [kN/mm3] 1.0× 10−5

porosity, φ [%] 22
Initial Conditions
initial water content, θ [-] 0
capillary pressure, Pc [MPa] most negative value
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condition imposed at the nodes of the lower sides of the model as-
suming a negative pressure. The left and right side of the model are
assumed to be impermeable, simulating the epoxy seal of the rock
specimen, thereby effectively modelling unidirectional flow. The initial
condition of the numerical model that is required is the material's sa-
turation, which is set to be initially dry (θ=0). The relative perme-
ability that describes transmissibility of the water in the transition zone
is assumed to obey the cubic law. The capillary pressure curve is an
input in tabulated form from the one- two- and three-parameter models.
The dry material condition is essentially set into the model by the most
negative value of the given input capillary pressure curve; this is also
used as an initial condition of the model. The lower side boundary
condition is set at full saturation, which corresponds to zero capillary
pressure.

4. Results and discussion

4.1. The 1-parameter and 2-parameter models

We start our analysis with the 1- and 2-parameter models. In Fig. 2a
we plot equation (9) for pressure parameter P0= 0.017MPa and
P0= 0.057MPa for the model exponent a=1,±100, −2.5. The
curves for a=−2.5 are the rightmost ones which do not cross the
horizontal axis. In Fig. 2b we show the dependence of the capillary
pressure curve on the exponent a in detail for pressure parameter
P0= 0.047MPa. We observe that the rightmost curve corresponds to
the smallest negative value of the parameter a. The aforementioned
value for the pressure parameter was chosen so that the synthetic ca-
pillary models generate an imbibition curve which is comparable with
the experimental one.

In Fig. 3a the experimental imbibition curve is compared against the
numerical ones for the 1-parameter model and for pressure parameter
ranging from P0= 0.017MPa to P0= 0.087MPa increasing by
0.010MPa. We see that the numerical curve corresponding to a pres-
sure parameter 0.047MPa is in fair agreement with the experimental
curve. We note that Ioannou et al. (2003) observed slight departures
from their model in the early stages of the process, which we also ob-
serve here. Such departures are expected since moisture absorption is
less effective at the beginning, when air is moving out of the finer pores
of the material (which are filled with water first), into the atmosphere.
Hence, there is a delay in regular pressure build-up because of the time
taken by the capillary pressure to equilibrate during the process of gas
diffusion from the wet front. Despite these departures, however, the
accuracy of the model is not seriously affected. Fig. 3b shows the
comparison of the experimental curve and the numerical imbibition
curves generated from the 2-parameter model for a= ±∞ and for the
same range of pressure parameter as in Fig. 3a. In this case, the nu-
merical curve corresponding to 0.037MPa compares quite well with the
experimental imbibition curve. In Fig. 3c we proceed with the in-
vestigation of the negative values of the exponent a of the 2-parameter

model. We plot the numerical imbibition curves generated for
a=−2.5 for the following range of pressure parameters: P0= {0.017,
0.027, 0.0325, 0.037, 0.047, 0.057} MPa. The numerical imbibition
curve corresponding to 0.0325MPa is in good agreement with the ex-
perimental curve with a fine deviation in the transition to full satura-
tion of the rock sample. Finally, Fig. 3d investigates the effect of the
parameter a in a large range of positive and negative values. The nu-
merical curves plotted correspond to a pressure parameter 0.047MPa.
The curve coinciding with the experimental one corresponds to a=1.
As the parameter a increases, the curves deviate from the experimental
curve acquiring larger slopes (sorptivities); the a= ±∞ curves which
are not drawn coincide with each other, and the largest slope (sorp-
tivity) curve corresponds to the smallest plotted negative value of the
exponent a=−2.5. One should compare this situation to the behavior
of the capillary pressure curve shown in Fig. 2b. In summary, the
aforementioned results provide strong evidence that one may obtain a
numerically produced imbibition curve in very good agreement to the
experimental one by utilizing simplified capillary pressure models such
as the 1- and 2- parameter models.

In Fig. 4a we investigate the dependence of the sorptivity on the
pressure coefficient. In theory we expect that S2 must be proportional to
P0, as discussed in section 2. The sorptivity S was calculated from the
approximately linear part of the imbibition curves produced numeri-
cally by the least squares method. The correlation of S2 to P0 appears to
be linear. The results are quoted in the legend of Fig. 4a for exponent
parameter a=+1,±∞, −2.5. The residual intercept shown in all
three best-fit relations is due to the inexactness of linearity in a finite
length of the imbibition curves. On the other hand, sorptivity is prac-
tically calculated by the visibly linear part of the imbibition curve. In
Fig. 4b we study the dependence of sorptivity on the exponent para-
meter a in the 2-parameter model. The theoretical relation (equation
(14)) is compared with the numerical results for sorptivity exhibiting
excellent agreement. As discussed in section 2, the theoretical asymp-
totic value of the ratio (S/Sa=1)2 for large a is 1.3 which is verified
numerically at a=100 (Fig. 4b).

4.2. The 3-parameter model

We now turn our discussion to the 3-parameter model. Fig. 5 depicts
the synthetic wetting capillary pressure curves for the 3-parameter (VG)
model. Fig. 5a shows the variation of the curves with exponent b, for
fixed pressure parameter 0.0325MPa and a=−2.5. Near full satura-
tion, i.e. the curves corresponding to small values of b, the water con-
tent is reduced faster, for a given capillary pressure, than for higher
values of b. For large values of b, the water content remains near to full
saturation for a range of values of the capillary pressure. In the other
end, for low saturation, the large b curves change water content faster,
for a given change of capillary pressure, than the curves of smaller
values of b. Hence, the larger b value curves approach the dry state for
smaller values of the capillary pressure. Fig. 5b shows the variation of

Fig. 2. (a) Plot of equation (9) for a=1,±100, −2.5 (from left to right). (b) Plot of equation (9) for different values of a for pressure parameter P0= 0.047MPa.
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the VG curves with the exponent a. The curves shown correspond to
b=2 and pressure parameter 0.0325MPa. The parameter a increases
from top to bottom, as an absolute value, as the legend implies. The
curves of this model exhibit similar behavior departing from full sa-
turation, owing to the same value of the pressure parameter P0. For
small values of |a| the capillary curves descent from full saturation
slower than for large |a|. Fig. 5c shows the variation of the VG curves
with the capillary pressure parameter, for a=−1 and b=2. The
curves have smaller gradients near full saturation for smaller P0. Fig. 5d
presents the same type of information with Fig. 5c, only for a=−∞.
The effect of larger |a| is that the curves reach the dry state within a
narrower range of capillary pressure.

Fig. 6a shows the numerical imbibition curves generated by the VG
capillary pressure curves for pressure parameter 0.0325MPa and
a=−2.5 and different values of b, set against the experimental curve.
Those VG curves are the ones depicted in Fig. 5a. The values for a and
P0 are chosen so that for b=1 (i.e. when it reduces to the 2-parameter
model) the generated imbibition curve compares well with the

experimental one. Hence, we hereby study the effect of increasing the
exponent b on the imbibition curve. We observe that the transition
regime (from the linear part of the curve to saturation) becomes nar-
rower i.e. faster. The reason is that for large b, full saturation corre-
sponds to a range of available capillary pressure values; hence, the rock
sample reaches full saturation easier. In Fig. 6b we study the effect of
varying the exponent a for values of b exponent equal to 2, and main-
taining the pressure parameter at 0.0325MPa. The VG curves gen-
erating the numerical imbibition curves in this case are the ones de-
picted in Fig. 5b. We observe that for the given values of b and P0, the
different imbibition curves form a tight bundle when the exponent a
changes within a wide range. It is important to note that the slope of the
imbibition curve (sorptivity) increases as |a| decreases. Hence the curve
|a|=∞ is the one nearer to the experimental one, while the steeper
one corresponds to |a|= 1. In Fig. 6c we study the effect of the pressure
parameter on the numerical imbibition curves, while maintaining the
exponent b to the value of 2 and the exponent a to −1. The VG curves
under consideration are those of Fig. 5c. The pressure parameter Po has

Fig. 3. Numerical imbibition curves generated by (a) the (linear) 1-parameter model (equation (5)) for a range of pressure parameters, P0= 0.017–0.087MPa (from
right to left) (b) the 2-parameter model (equation (9)) for infinite exponent a and for a range of pressure parameters, P0= 0.017–0.087MPa (from right to left) (c) the
2-parameter model for a small negative exponent and for a range of pressure parameters, P0= 0.017, 0.027, 0.0325, 0.037, 0.047, 0.057 (from right to left).(d) The
effect of the exponent a on the imbibition curve, when maintaining a fixed pressure parameter P0.

Fig. 4. (a) Dependence of sorptivity (S2) on the pressure parameter P0. (b) Dependence of S2 on the exponent a in the 2-parameter model.
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a significant effect on the sorptivity. Hence, for P0= 0.0204MPa we
encounter a generated imbibition curve which agrees reasonably well
with the experimental one.

The analysis shown in Fig. 6d is entirely analogous to the one pre-
sented in Fig. 6c, the only difference being that the exponent a is set to

–∞. In this case, a value of P0= 0.0230MPa is required for the nu-
merical curve to come close to the experimental imbibition curve. It
should be noted, however, that the generated curves do not capture
well the transition zone. We emphasize that our aim here is to perform a
detailed analysis of the effect of varying the parameters of the models

Fig. 5. (a) Variation of VG curves with exponent b. (b) Variation of VG curves with exponent a. Variation of VG curves with the pressure parameter (c) for small
negative a and (d) large negative a.

Fig. 6. (a) Variation of numerical imbibition curves with exponent b. (b) Variation of numerical imbibition curves with exponent a. Variation of numerical imbibition
curves with the pressure parameter (c) for small negative a and (d) large negative a.
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and not to perform a precise best-fit analysis. The overall results of all
the three models will be discussed and compared below.

In Fig. 7 we present the numerical analysis results for the depen-
dence of sorptivity on the parameters of the VG model and compare
these with the corresponding analytical formulas. Fig. 7a shows the
dependence of sorptivity on the exponent b. We have set a=−2.5.
Specifically, we plot for clarity the ratio (S/Sb=1)2. The numerical re-
sults agree very well with the theoretical equation (22) derived for the
purposes of this analysis, as discussed in section 2. Fig. 7b shows the
numerical results for the variation of sorptivity with the exponent
parameter a, setting b=2. More specifically, we compare the ratio (S/
Sa=–1)2 with the theoretical equation (20). There appears to be a certain
deviation from the theoretical curve, possibly due to the limitations of
the theoretical formulas, as discussed in section 2. Of course, one should
note that this deviation is rather exaggerated by the scale of vertical
axis. The relative deviation is 0.8% at a=−100. In Fig. 7c and d we
present the dependence of sorptivity on the pressure parameter for
b=2, and a=−1 and a=−∞, respectively.

As discussed above, the sorptivity squared should be linear (and
proportional) to the pressure parameter, according to the theoretical
discussion of section 2. This is verified here, apart from a residual in-
tercept, due to the approximate linearity of the early time imbibition
curve, as discussed earlier.

4.3. Analysis of the transient regime

In Fig. 8a we plot the synthetic wetting capillary pressure curves for
each of the three models for the cases whose imbibition curves ap-
proximate better the experimental data. In Fig. 8b we zoom in the near
saturation region of the same curves. In Fig. 8c we plot the diffusivities
for the same cases, using equation (18); in Fig. 8d we show the corre-
sponding imbibition curves, emphasizing on the transition regime. In
that regime the various curves differ in terms of the curvature, i.e. how
fast absorption passes from the early (nearly linear) behavior to the late
stage of full saturation. Of course one should bear in mind that the
pressure parameter P0 is tuned in all cases so that the sorptivity coef-
ficient S is the same, that is, for the imbibition curves to have the same

slope and hence coincide in the early time regime. This is necessary for
each model in order to play the role of the synthetic capillary pressure
curve of the given rock sample. We see that the faster transition occurs
for the VG model with large exponent a; the next one is the VG model
with small |a|, the intermediate one is the linear (1-parameter) model,
the second slower model is the 2-parameter one with negative a, i.e. VG
model with b=1, and the slowest transition occurs for the 2-parameter
model for infinite a. This behavior can be understood by focusing in the
near saturation regime of the capillary pressure (Fig. 8b) and diffusivity
(Fig. 8c) curves. We observe that the fastness of the transition coincides
perfectly with the relative strength of the diffusivity in the near sa-
turation regime. In Fig. 8b one obtains an equivalent kind of informa-
tion from the point of view of the capillary pressure gradient: the
steeper the slope dPc/dθ near saturation, the faster the transition. For
the 3-parameter model (equation (15) or (17)), for θ∼1 that slope is:

= − − −dP
dθ

P
b

θ(1 )c b0 (1/ ) 1
(23)

which is divergent for b > 1. Therefore the VG model generates faster
transitions (i.e. generates narrower transition regimes) for given P0,
than the 2-parameter model. Of course, as emphasized above, it is the
sorptivity which should be the common factor in the models, and not
P0, hence the difference in the slopes in the 1- and 2- parameter models
in Fig. 8b. For, if P0 were the same, the diffusivity curves associated
with the 1- and 2-parameter models would converge to the same finite
value near full saturation; while the VG models would converge to each
other and approach asymptotically the full saturation according to
equation (23).

In Fig. 9 we present the evolution of the water content with time in
the element located at the middle (Fig. 9a) and at the top (Fig. 9b) of
the numerical model.

The behavior of the curves can be understood by the characteristics
of the capillary pressure curves, or more specifically, the diffusivity
curves of the models. The time at which the water content curves depart
from the dry state correlates nicely with the magnitude of diffusivity in
the early times (near dry state), as shown in Fig. 8c; the smaller the
diffusivity, the later the curve departs from the dry state. The same can

Fig. 7. (a) Dependence of sorptivity (S2) on the exponent b. (b) Dependence of S2 on the exponent a in the 3-parameter model. Dependence of S2 on the pressure
parameter for (c) a=−1 and (d) a=−∞.
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be said for the other end, i.e. the transition regime, corresponding to the
late times; the larger the (near full saturation) diffusivity, as shown in
Fig. 8c, the earlier the curve reaches full saturation. For that reason, the
curves necessarily cross each other. It is also interesting to note that the
linear (1-parameter) synthetic model produces a curve departing rela-
tively slow from the dry state, that is, the water content curves gener-
ated by it stay closer to the VG model curves; in the later times, the
same model exhibits a slower transition to full saturation, that is, it
behaves more like the 2-parameter model. That can be understood by
observing the diffusivity curves of the linear model in Fig. 8c; it sets off
closer the VG model curves but near full saturation remains finite, the
same as the 2-parameter model curves.

At this point we would like to state explicitly the correspondence
between the 3-parameter model (equation (15) or (17)), with the
standard parameterization of the VG model (Hall and Hoff, 2012):

= + = = =− −θ αP m a n b α
a

P(1 ( ) ) , | |, , ( 1
| |

)c
n m a

1
| | 0

1
(24)

We emphasize that usually the two parameters n and m are related
by m=1–1/n in order to lower the degrees of freedom of the full 3-

parameter VG model. Hence, a direct comparison is not feasible. The a-
dependent coefficient in the relation of the parameter α, equals to 1 at
|a|= 1 and |a|=∞ and takes its minimum value (0.6922) at
|a|= e=2.718. Table 2 presents the values of usual VG parameters for
the five cases whose imbibition curves approximate better the experi-
mental data discussed above.

Fig. 8d shows that the best match between the numerical and the
experimental imbibition curve corresponds to the 2-parameter model
with infinite exponent a (P0= 0.037MPa, a=∞, b=1), as this

Fig. 8. (a) Capillary pressure curves for the five cases whose imbibition curves approximate better the experimental data; (b) emphasis near full saturation regime; (c)
corresponding diffusivity curves (equation (18)); (d) corresponding imbibition curves (transition regime), including the experimental (lab) curve.

Fig. 9. Water content vs time curves for (a) middle element and (b) top element, for the five cases hereby investigated.

Table 2
Correspondence between the 3-p model and VG parameters.

3-p model parameters usual VG parameters

a b P0 (MPa) m n α (MPa−1)

1 1 0.047 1 1 21.3
∞ 1 0.037 ∞ 1 27.0
−2.5 1 0.0325 2.5 1 21.3
−1 2 0.0204 1 2 49.0
–∞ 2 0.0230 ∞ 2 43.5
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particular numerical curve appears to capture the behavior, i.e., the
curvature, of the transition regime of the experimental curve. As shown
in Table 2, the VG model parameters for this numerical curve are
α=27.0 (MPa)−1, m=∞, n=1. We see that for the particular rock
hereby studied, the special case of the VG model with the exponent
m=1 is required. Note that the usually adopted relation between the
exponents, i.e. m=1–1/n (Hall and Hoff, 2012), is not applicable here.
In general, the transition regime might be quite narrow, thereby re-
quiring the third VG parameter b=m in order to capture appropriately
the behavior in the transition regime. The resulting set of parameters,
especially the pair a, b might be non-unique.

4.4. Outline of a general procedure

The previous discussion can be turned to a more systematic proce-
dure of determining the wetting capillary pressure curve for a given
experimental imbibition curve as follows. Starting with the 1-parameter
model given by equation (5), a set of initial values of the pressure
parameter is assumed and finite element analyses are performed de-
termining the nearest match of the sorptivity to the experimental result.
The procedure may be repeated for a set of values in the neighborhood
of the selected value of the pressure parameter from the previous step,
until a value of the pressure parameter is obtained, which produces the
experimental value of the sorptivity with sufficient accuracy. We may
call that value P0(1p).

Next, one may proceed with the 2-parameter model given by
equation (9), which contains a pressure parameter P0 and an exponent
parameter a. One should bear in mind that the 1-parameter model is a
special case of the 2-parameter model for a=1. While varying the
parameter a, the pressure parameter is simultaneously varied in order
to maintain the value of the sorptivity fixed: By equation (13), the
pressure parameter for the 2-parameter model P0(2p) is automatically
fixed, in terms of the exponent a and the previously determined value
P0(1p), using the equation below:

=
++ +

P P
a a

0(2p) 0(1p)

9
20

1
3 1 /

1
4 1 / (25)

Performing a number of finite element analyses for a range of values
for the exponent a, including negative values smaller than −1/3, one
determines the correct value of the parameter by matching the curvature
of the numerical imbibition curves to that of the experimental one in
the transient regime of the process. This procedure, along with using
equation (25), leads to a selected pair of parameters a(2p) and P0(2p).
Hence, the two main features of the imbibition, that is, its slope
(sorptivity, S) before entering the transient regime and the curvature of
the latter, have been encoded in these two parameters.

If deemed necessary, one may proceed to the 3-parameter model,
given by equation (15). For negative values of the exponent a, this
model coincides with the Van Genuchten model, according to equation
(24). While varying the parameters a and b, the pressure parameter is
again simultaneously varied in order to maintain the value of the
sorptivity fixed: By equation (21), the pressure parameter for the 3-
parameter model P0(3p) is fixed by the following equation:

=
⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

−

−
P P

a

a

2

2

Γ a
Γ a

b Γ b
b

Γ a b
Γ a

0(3p) 0(2p)

(2p)
(4 1)

(4 )

1/ (1 / ) (4 1 / )
(4 )

(2p)

(2p)

(26)

in terms of the parameters a and b and the previously determined values
a(2p) and P0(2p). One should bear in mind that the 2-parameter model is
a special case of the 3-parameter one for b=1. Performing finite ele-
ment analyses for a suitable range of values for both a and b, these
parameters are finally fixed by improving the matching of the curvature
of the numerical curves to that of the experimental one in the transient
regime, allowed by the additional degree of freedom of the exponent b.

This procedure, along with using equation (26), leads to a set of se-
lected values a(3p), b(3p) and P0(3p), which can be translated to those of
the VG model by equation (24). An example of this general procedure
has been adopted here indirectly through a parametric analysis, for the
natural chalk under study.

One should bear in mind that the use of equations (25) and (26)
rests on the numerically validated dependence of the sorptivity coeffi-
cient on the parameters P0, a, and b, as analyzed in detail in subsections
4.1 and 4.2. In the present work, a best fit has been determined through
analyzing the influence of these parameters on the numerically pro-
duced imbibition curves.

5. Conclusions

In this work we have attempted an analysis of the effect of the
wetting capillary pressure curves on the imbibition curves. To this end,
we have performed computational parametric analyses with finite ele-
ments, generating imbibition curves from a family of 1-, 2- and 3-
parameter synthetic capillary pressure models, the latter being the Van
Genuchten (VG) model. As a guide, we have used the experimental
imbibition data from the sorptivity test on a given rock sample, whose
saturated hydraulic conductivity and porosity have been determined
experimentally. The detailed analysis illustrates the sensitivity of im-
bibition to the synthetic capillary pressure model parameters, empha-
sizing the relative effectiveness of the fewer parameter models, i.e. 1-
and 2-parameter models. Indirectly, such a study can be used to obtain
through back analysis a synthetic wetting capillary pressure vs water
content curve from sorptivity tests. Once the parameters of the models
have been determined, then the reconstruction of a synthetic wetting
capillary pressure curve can be obtained (in the framework of the VG
model) for a given rock sample.

In principle, our approach should be applicable to any two-phase
system in which a steady unsaturated one-dimensional flow into a semi-
infinite material is established between two reservoirs at different hy-
draulic potentials. However, the software package used in this work to
simulate the process is presenting some constraints regarding other
two-phase systems e.g. water-oil. We believe that with the use of al-
ternative software package/s, the process may be simulated for any
two- or even three-phase system.
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