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Abstract This paper studies the importance of the
cohesive zone in the modelling of a fluid driven frac-
ture under plain strain conditions. The fracture is driven
by pumping of an incompressible viscous fluid at the
fracture inlet. Rock deformation is modeled for linear
elastic and poroelastic solids. Fluid flow in the fracture
is modeled by lubrication theory. The cohesive zone
approach is used as the fracture propagation criterion.
Finite element analysis was used to compute the solu-
tion for the crack length, the fracture opening and prop-
agation pressure as a function of the time and distance
from the wellbore. It is demonstrated that the crack
profiles and the propagation pressures are larger in the
case of elastic-softening cohesive model compared to
the results of the rigid-softening cohesive model for
both elastic and poroelastic cohesive solids. It is found
that the results are affected by the slope of the loading
branch of the cohesive model and they are nearly unaf-
fected from the exact form of the softening branch.
Furthermore, the size of the process zone, the frac-
ture geometry and the propagation pressure increase
with increasing confining stresses. These results may
explain partially the discrepancies in net-pressures
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between field measurements and conventional model
predictions.
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1 Introduction

The mathematical problem of a fluid driven fracture
arises in hydraulic fracturing, a technique widely used
in the petroleum industry to enhance the recovery
of hydrocarbons from underground reservoirs. Some
other related applications in geomechanics include the
magma-driven fractures (Spence and Turcotte 1985),
the preconditioning of rock masses in mining opera-
tions to promote caving (Jeffrey et al. 2001), the for-
mation of barriers to stop contaminant transport in
environmental projects (Murdoch and Slack 2002), the
re-injection of drilling cuttings (Moschovidis et al.
2000), the heat production from geothermal reservoirs
(Legarth et al. 2005) and more recently the CO2 seques-
tration in deep geologic formations (Wawersik et al.
2001).

The hydraulic fracturing process involves the pump-
ing of a viscous-fluid from a well into the rock for-
mation under high enough fluid pressure to fracture
the reservoir. In general, a fracture will re-orient itself
in the complex stress field near the wellbore and will
propagate further perpendicular to the minimum com-
pressive stress. The pumping of fluid is maintained at
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a rate high enough for the fluid pressure to overcome
the minimum in-situ stress and hence to propagate the
fracture. During the pumping process, proppant par-
ticles are gradually mixed with the fracturing fluid to
ensure that the fracture will remain propped open when
the pumping stops. A highly permeable channel will
hence be formed for oil or gas to flow from the pay
zone in the well (Economides and Nolte 2000).

Even in its most basic form, hydraulic fracturing is
not a trivial process to model, as it involves the coupling
of at least three physical processes: (i) the viscous flow
of the fluid in the fracture (ii) the rock deformation of
the surrounding medium induced by the fluid pressure
on the fracture surfaces and (iii) the rock splitting and
fracture propagation. Usually the solid deformation is
modeled with the elasticity theory, which in analytic
form can be represented by an integral equation that
determines the non-local relationship between the frac-
ture width and the fluid pressure. The fluid flow is mod-
eled by lubrication theory, represented by a non-linear
partial differential equation that relates the fluid flow
velocity, the fracture width and the gradient of the pres-
sure. The fracture propagation is assumed to take place
when the stress intensity factor at the tip reaches a crit-
ical value equal with the rock fracture toughness which
in many cases for rocks is assumed to be nearly zero.

In field operations, attention is focused on the
prediction of the wellbore pressure which is nor-
mally measured during the treatment and is usually
the only parameter available to evaluate and redesign
the operation. Classical hydraulic fracturing simu-
lators often underestimate the measured down-hole
pressures. Research works involving surveying on net
pressures (difference between the fracturing fluid pres-
sure and the far-field confining stress) indicated that
the net pressures encountered in the field are on aver-
age 50–70% higher than the predicted ones. These
observations have triggered a series of dedicated stud-
ies which looked into the importance of the rock plas-
tic deformation in hydraulic fracturing (Papanastasiou
1999a,b; Van Dam et al. 2002). All these studies had
ignored the pressure diffusion and porous behavior of
the rock deformation. Furthermore, although the cohe-
sive model approach has been utilized by many authors
in different disciplines, the physical interpretation of
the process zone and its influence in hydraulic fractur-
ing are still unexplored.

In examining the plentiful literature concerning
fracture mechanics the cohesive zone modeling has

attracted considerable attention, as it represents a
powerful and efficient technique for computational
fracture studies. The early conceptual works related
to the cohesive zone model, were introduced by
Barenblatt (1959, 1962) who proposed the cohesive
zone model to investigate perfectly brittle materi-
als. Dugdale (1960) adopted a fracture process zone
to investigate ductile materials exhibiting small scale
plasticity. Since then, a series of research work,
to mention few (Hillerborg et al. 1976; Needleman
1987; Xu and Needleman 1994; Camacho and Ortiz
1996), have been oriented in the development of the
cohesive zone concept in computational fracture
mechanics. Xu and Needleman (1994) have presented
a potential based cohesive zone model with cohesive
elements that are inserted into a finite element mesh in
advance and obeyed an exponential constitutive law in
the normal direction. In this case, as the displacement-
jump across the surface increases the traction increases
to reach a maximum value and then it decays in a mono-
tonic manner. Another modeling approach which has
been proposed by Camacho and Ortiz (1996) was a
stress based cohesive zone model where a new surface
is adaptively created by duplicating nodes which were
previously bonded. The work of Xu and Needleman
(1994) has been widely used as it is easier to imple-
ment into a finite element analysis. Some limitations
recognized in Xu and Needleman (1994) work, related
to the imposed initial artificial compliance of the uti-
lized cohesive zone law, were addressed by Geubelle
and Baylor (1998) and Espinosa and Zavattieri (2003)
who have adopted bilinear cohesive zone models by
providing an adjustable initial slope in the cohesive law.

There are few studies utilizing the cohesive zone
model in hydraulic fracturing. Some early studies in
this area include the important work of Boone et al.
(1986), Boone and Ingraffea (1990) in which they
used the cohesive zone approach to model the fracture
process in impermeable and permeable rocks. Other
significant works include the use of the cohesive
zone law to propagate fractures in order to investigate
the inelastic behavior of rocks in hydraulic fractur-
ing (Papanastasiou and Thiercelin 1993; Papanasta-
siou 1997, 1999a,b). Improving the research work in
hydraulic fracturing, Schrefler et al. (2006) proposed a
model, with a tip-velocity provided as part of the solu-
tion algorithm, and propagated successfully hydraulic
fractures in an unknown path that may enucleate every-
where depending only on the stress and pressure fields.
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In the present work, the fracture initiation and
growth in porous media are analyzed with the cohe-
sive zone approach as the fracture criterion (Barenblatt
1962; Hillerborg et al. 1976; Papanastasiou 1999a,b).
Different types of models have been used for the
mechanical behavior of the cohesive zone to account for
rigid-softening to elastic-softening behavior of rocks.
For all models the normal work of separation, which
gives some indication of the implications of the cohe-
sive surface characterization for fracture toughness in
plane strain mode I fracture, is maintained the same.
The resulting fracture shape with the cohesive zone,
influence the pressure profile in the fracture and the
stress distribution near the tip which in turn affects the
overall characteristics (fracture length, width and prop-
agation pressure) of a hydraulic fracture.

In this research work we investigated the influence
of the constitutive cohesive zone characteristics on the
size of process zone and consequently on the obtained
results in hydraulic fracturing modelling. Furthermore,
we demonstrate that the existence of the confining
stresses influences further the size of the process zone.
The resulting process zone is an important parameter
that may explain partially the unexpected high fluid
pressures observed in hydraulic fracturing field opera-
tions. This paper is organized in two parts as follows:
In the first part, we describe the involved physical pro-
cesses: the fluid flow, the rock deformation, the fracture
propagation and the methodology that was adopted in
the numerical model. In the second part, we present and
critically evaluate the computational results and draw
conclusions on the important parameters.

2 Methodology

The physical process of the fluid driven fracture
involves the pumping of a viscous fluid that pressurizes
the fracture surfaces which deform. Increasing the pres-
surization, critical loading conditions will be reached
ahead of the tip splitting the rock and driving hydrauli-
cally the fracture. Thus, this process reveals that there
is a strong coupling between the moving fluid, rock
deformation and fracture propagation. Depending on
the formation properties, in-situ stresses and pumping
parameters, the fracture may propagate for more than
hundred meters. In this study the fracture will propa-
gate few meters, enough to extrapolate and reach cor-
rect conclusions for long-fractures. The propagation of

a short fracture can also be used to interpret the results
of the mini-frac calibration test that is carried out first
in-situ for determining parameters such as the forma-
tion permeability and the closure stress that are further
used for modelling the long hydraulic fractures.

In this section we describe the fully coupled numer-
ical model for a fluid driven fracture in a porous rock
that has been used to study the importance of the cohe-
sive zone characteristics in hydraulic fracturing. The
models were developed for plain strain geometry tak-
ing into consideration the symmetry conditions. This
geometry is appropriate for modelling short fractures
with fracture height relatively greater than the fracture
length. Furthermore, this geometry is also appropriate
for examining tip effects since the deformation of any
arbitrary fracture shape is approximately planar near
the tip. The fracture propagates perpendicular to the
minimum in situ stress and remains planar. This prede-
fined path for the propagation is also convenient with
the cohesive zone numerical approach (Papanastasiou
1999a,b).

2.1 Fluid-flow

The fluids that are used in hydraulic fracturing are nor-
mally power-law with shear-thinning behavior which
means that the viscosity decreases with increasing
shear rate. In order to avoid this complex fluid behavior,
a simple appropriate model for fluid flow in a fracture
is embodied in lubrication theory. It assumes laminar
flow (uniformly viscous Newtonian), the fluid is incom-
pressible and it accounts for the time dependent rate of
crack opening. The continuity equation which imposes
the conservation of mass in one dimensional flow is
(Boone and Ingraffea 1990)

dq

dx
− dw

dt
+ ql = 0 (1)

where q is the local flow rate along the fracture in direc-
tion x, ql is the local fluid loss in rock formation and
w is the crack opening. Equation (1), which accounts
for the fluid leak-off from the fracture surface into the
rock formation, can be used to determine the local flow
rate q.

The second equation is derived from the conserva-
tion of momentum balance. For a flow between par-
allel plates the lubrication equation, which relates the
pressure gradient to the fracture width for a Newtonian
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fluid of viscosity μ, yields (Boone and Ingraffea 1990)

q = uw = − w3

12μ

dp

dx
(2)

where p denotes the fluid pressure and u the aver-
age velocity of the fluid over a cross-section of the
fracture. Equation (2) determines the pressure profile
along the fracture from the local width and local flow
rate. According to Eq. (2), the pressure gradient and
hence the solution, is very sensitive to fracture width.
Therefore, the largest part of the pressure drop takes
place within a small area near the tip where the width
decreases significantly before it vanishes at the tip.

2.2 Rock deformation

The basic theory of poroelasticity in which the result-
ing fully coupled linear quasi-static field equations
were derived, was initially introduced by the pioneer-
ing work of Biot (1941). Since then, many researchers
have contributed to its further development. The the-
ory is commonly applied to soil mechanics problems
especially for consolidation problems. The Biot poro-
elastic theory was reformulated in a more physically
relevant manner to account for poroelastic effects by
Rice and Cleary (1976). For the definition of a poroelas-
tic system, five material constants are required. These
material constants include the drained shear modulus
G, the drained Poisson ratio ν, the undrained Poisson
ratio νu , the Skempton’s pore pressure coefficient B and
the intrinsic permeability κ (Darcies). Rice and Cleary
(1976) have successfully linked these constants to mi-
cromechanical parameters that can be easily obtained
for any soil or rock type material. These micromechani-
cal parameters are the porosity n, the fluid bulk modulus
K f , the solid grain bulk modulus Ks , the porous bulk
modulus for the solid skeleton K, the Poisson ratio ν

and the permeability k.
The total stresses σi j are related to the effective

stresses σ ′
i j through

σi j = σ ′
i j − ap (3)

The effective stresses govern the deformation and
failure of the rock. The poroelastic constant a, is inde-
pendent of the fluid properties and it is defined as

α = 3(vu − v)

B(1 − 2v)(1 + vu)
= 1 − K

Ks
(4)

As it is mentioned before, this theory is commonly
applied in soils. An important distinction when apply-
ing this formulation to rock is to consider the compress-
ibility of the constitutive materials. For Soils B andα are
equal to unity but in rocks are significantly less than one.

The problem is stated here using the effective stress
principle for porous media and the solution is lim-
ited to a 2-D context. The theory of poroelasticity
can be approximated numerically using the finite ele-
ment method and a standard Galerkin formulation as
described in Zienkiewicz (1984) and Lewis and Schref-
fler (2000). The finite element equations in matrix nota-
tion are as following (Boone and Ingraffea 1990)

[K ] {u} + [L] {p} = {F} (Stiffness equation) (5)

[S] { .
p}+ [L]T { .

u
}+ [H ] {p}= {q} (Flow equation)

(6)

where u are the nodal displacements, p are the nodal
pressures, F are the nodal forces, q are the nodal flows,
[K ] is the stiffness matrix, [L] is the coupling matrix,
[H ] is the flow matrix and [S] is the compressibility
matrix. In a descritized form the unknown field param-
eters u and p are substituted by the nodal values and the
interpolation functions which enter in the calculation
of the matrices as

p = N p {p}, u = N u {u}, ε = B {u} (7)

where N p and N u are the nodal shape functions
for pressure and displacements, respectively. B is the
matrix for the strain ε that contains the derivatives of
the displacement interpolation functions. The defini-
tions of matrices in the system of Eqs. (5), (6) in a 2-D
formulation are given by the following expressions

[K ] =
∫

�

BT DBd�, [L] = a
∫

�

N u
{

d/dx
d/dy

}
N pd�

[S] =
∫

�

(N p)T 1

Q
N pd�,

[H ] = κ

∫

�

N u
{

d/dx
d/dy

N p
}T (

d/dx
d/dy

N p
)

d�

(8)

where D is the drained material elasticity matrix. The
quantity 1/Q takes the following forms

1
Q =

(
φ

K f
+ 1 − φ

Ks
− 1 − a

Ks

)
,

1
Q = α(1 − αB)

BK
,

1
Q = 9(vu − v)(1 − 2vu)

2G B2κ(1 − 2v)(1 + vu)2

(9)
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Fig. 1 Representation of the fracture process and the constitu-
tive cohesive zone law

2.3 Fracture propagation

There is number of fracture propagation criteria
provided by the theory of fracture mechanics. The cri-
terion for fracture propagation is usually given either by
conventional energy approach which states that a frac-
ture propagates when the energy release rate reaches
a critical value related to fracture toughness or by the
stress intensity approach which states that a fracture
propagates when the stress intensity factor at the tip
exceeds the rock toughness. The energy release rate
and stress intensity approaches are essentially equiv-
alent and uniquely related for linear elastic materials.
The most robust criterion for non-linear mechanics is
described by the cohesive zone constitutive model. The
cohesive zone model approach should be clearly con-
trasted with the conventional fracture mechanics based
infinitely sharp fracture models; as such fracture mod-
els have led to a physically meaningless singular stress
field near the fracture tip. The cohesive zone is a region
ahead of the crack tip that is characterized by micro-
cracking along the crack path. The main fracture is
formed by inter connection of these micro cracks. The
cohesive zone model implies that normal stress contin-
ues to be transferred across a discontinuity which may
or may not be visible as shown in Fig. 1. This stress
is determined from the softening stress-strain relation
that various rocks exhibit in calibrations tests. This

transferred normal stress is a function of the separation
and falls to zero at a critical opening and then the frac-
ture propagates. The evolution of the crack is governed
by energy balance between the work of the external
loads and the sum of the bulk energy of the uncracked
part and the energy dissipated in the fracture process.
The main mathematical difficulty is given by the fact
that the fracture energy depends on the opening of the
distributed micro-cracks. To simplify the mathematical
difficulties, it is assumed that the cohesive zone local-
izes, due to its softening behavior, into a narrow band
ahead of the visible crack.

The constitutive behavior of the cohesive zone is
defined by the traction-separation relation derived from
laboratory tests. The traction-separation constitutive
relation for the surface is such that with increasing
separation, the traction across this cohesive surface
reaches a peak value and then decreases and eventually
vanishes, permitting for a complete separation. Simple
cohesive zone models can be described by two indepen-
dent parameters which are usually, for mode-I plane
strain, the normal work of separation or the fracture
energy GIC and either the tensile strength σt or the
complete separation length δIC. An additional param-
eter in these models is the slope of the initial loading
which may define a range from rigid-softening to elas-
tic-softening response under tensile stress-state.

In order to investigate the main characteristics of this
curve we carried out computations for different initial
slopes to simulate a rigid-softening to elastic softening
behavior. The transition from the elastic softening to
the rigid-softening was carried out by increasing the
initial slope of the constitutive cohesive law by five
times in each model. The case of the most rigid behav-
ior corresponds to twenty times the stiffness of the most
elastic case. In all cases the area under the curve which
is related to the work of separation is maintained the
same (Fig. 1b).

The area under the traction-separation curve equals
with fracture energy GIC which is the work needed to
create a unit area of fully developed crack. For elastic
solids this energy is related to the rock fracture tough-
ness KIC through (Rice 1968; Kanninen and Popelar
1985)

K 2
IC = GIC E

1 − ν2 (10)

where E is the young modulus and ν is the Poisson
ratio. The rock fracture toughness can be calculated
from laboratory tests. For the case of the rigid-softening
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behavior the traction-separation relation is uniquely
determined by

σ = σt (1 − δ/δIC) (11)

where σt is the uniaxial tensile strength of the rock
and δIC is the critical opening displacement at which
σ falls to zero. The value of δIC is given by (Kanninen
and Popelar 1985)

δIC = 2K 2
IC(1 − ν2)

Eσt
(12)

For the case of the elastic loading the cohesive con-
stitutive relations were augmented and modified to take
into account the initial part of the curve as follows

σ = σt

(
δ

δel

)
(13)

with the limit of elastic deformation is given by

δel = σt

kn
(14)

where kn is the stiffness of the traction-separation rela-
tion in the loading regime with units of [ MPa/m]. In
the post-peak softening regime the cohesive constitu-
tive relation is given by

σ = σt

[
1 − (δ − δel)

(δIC − δel)

]
(15)

To further investigate the influence of the cohesive
zone law in hydraulic fracturing, we have also stud-
ied different forms of softening behavior. For this pur-
pose we have utilized an exponential softening that is
described by:

DExponential =
⎧
⎨

⎩
1 − e

−α
(

δ−δIC
δIC−δmax

)

1 − e−α

⎫
⎬

⎭
(16)

The above parameter is controlled by the exponen-
tial coefficient α. We have conducted a parametric
study for this variable with values of α = 1, 2, 3, 4.

The value of the exponent α gives a measure of the
curvature of the softening equation that enters in the
traction-separation equation to yield

σ =
(

1 − DExponential
)

σt (17)

The critical value of the crack opening displacement
is uniquely determined from Eq. (17). The graphical
representation of the new constitutive behavior for dif-
ferent exponent values and the case of linear elastic-
softening, for comparison, are shown in Fig. 2. The
loading part of the cohesive constitutive law was kept
the same (kn = 1) and the softening part was paramet-
rically investigated as it will be described in Sect. 4.
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3 Numerical implementation

The governing equations were discretized in space with
the finite element method and in time with the finite
difference method. Linear interpolations were used for
the approximation of both displacement and the pore
pressure degrees of freedom. The sharp changes that are
expected in the geometry of the propagating tip, is dealt
with placing a sufficient fine mesh around the prede-
fined fracture path so as to ensure numerical accuracy.
No special re-meshing scheme was used as the mesh
was defined to be sufficiently fine along the fracture.

The calculations were carried out in Abaqus using
4-node plain strain isoparametric elements to model
the domain and 6-node cohesive elements to model
the fluid flow in the fracture and the fracturing process
(Abaqus 2006). The cohesive elements were enhanced
with two additional nodes for the modeling of the fluid
flow. The cohesive zone approach cancels the stress sin-
gularity when the separation at the tail of the cohesive
zone law reaches a critical value at which the cohesive
traction vanishes. Furthermore, this cancels the coupled
fluid pressure singularity that is encountered in the ana-
lytic framework of the fluid driven problem. Sinclair
(1996) showed that the cohesive traction-separation
laws cancel the opening singularity produced by load-
ing remotely from the fracture with the closing sin-
gularity produced by cohesive stresses on the fracture
flanks near the fracture tip. The descritized domain area
was considered to be a 30 m×30 m and the predefined
path of the fracture was defined to be 11 m along which
the cohesive elements were laid to save computational
time. The geometry and the resulting discretization are
shown in Fig. 3.
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The wellbore location is at the left-lower corner and
the fracture is assumed to grow in both directions along
the axis-1. For a long fracture the size of the wellbore is
negligible and is usually ignored in the modeling. This
remark, along with the condition that the wellbore is
cased, cemented and fully bonded with the rock for-
mation, justifies the use of symmetry conditions within
a reasonable accuracy (Fig. 3). The in-situ stresses were
inserted as initial stresses and by applying the equilib-
rium load at the far right and top edges. At the top
edge a value of σ3 = 3.7 MPa was applied parallel to
axis-3 as the minimum in situ stress or closure stress
perpendicular to the fracture surfaces. The fracture will
propagate along the axis-1 which is parallel to the max-
imum in situ stress σ1 = 14 MPa. An initial condition
is also required for defining an initial fracture length
for the flow. This length was considered 0.1 m, approx-
imately equals with the perforation length from where
the fractures initiate. The in-situ stresses and the initial
conditions are applied in the first step to achieve system
equilibrium before the propagation starts.

4 Analysis and results

In this section we present results of the analysis to
demonstrate the importance of the cohesive zone in

Table 1 Input parameters for the computational examples

Variable Value

Rock properties

Young modulus, E ( MPa) 16200

Poisson ratio, ν 0.3

Pumping parameters

Viscosity, μ (kPa s) 0.0001

Injection rate, q (m3/s m) 5.00E-06

Domain permeability, k (m/s) 5.88E-10

In situ stress field (effective)

Maximum, σ1 ( MPa) 14

Intermediate, σ2 ( MPa) 9

Minimum, σ3 ( MPa) 3.7

Initial conditions

Void ratio, e 0.333

Pore pressure, ( MPa) 1.85

Initial gap, (perforation)- (m) 0.1

modeling hydraulic fracturing in both elastic and
porous elastic solids. The parameters upon which
the numerical computations were based are given in
Table 1. These parameters include the rock proper-
ties, the pumping parameters, the in-situ stress field and
the initial conditions. The only extra parameter that is
needed to consider poroelastic deformation and propa-
gation of the poroelastic fracture is the pore pressure of
the domain requiring an extra degree of freedom at the
nodes of the plain strain elements. For comparison of
the results, the total stress field was applied in the poro-
elastic analysis whereas for the non-porous models the
corresponding effective stress field was applied.

In order to investigate the main characteristics of
the cohesive zone law, we conducted parametric analy-
ses for its constitutive behavior to simulate the changes
from rigid-softening to elastic-softening behavior. The
constitutive response of the rigid-softening corre-
sponds to a strong rock formation whereas the elas-
tic-softening corresponds to a soft rock formation. For
simplicity we have named these four cases as kn =1,
5, 10, 20 to correspond the times that the slope of the
loading branch has been multiplied to meet the con-
stitutive behavior that we have mentioned. The shape
of the constitutive law is shown in Fig. 1b where
for clarity reasons only the investigated two extreme
cases were plotted. The case of kn (×1) corresponds to
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Table 2 Cohesive zone properties

Uniaxial tensile strength, σt ( MPa) 0.5

Loading stiffness kn ( MPa/m) 16,200/81,000/

162,000/324,000

Fracture energy, GIC (kPa m) 0.224

Permeability of cohesive zone, qb (m/s) 0/5.879E-10
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Fig. 4 Fracture profiles of a propagating fracture
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Fig. 5 Fracture apertures for different values of the loading slope
of the constitutive cohesive law

elastic-softening behavior and the kn (×20) to rigid-
softening. The properties of the cohesive zone are
summarized in Table 2. These properties include the
uniaxial tensile strength, the fracture energy which is
the area under the traction-separation curve calculated
to meet an equivalent fracture toughness of 2 MPa m1/2,
the permeability of the elements and the parametrically
investigated loading slope of the first branch of the
cohesive constitutive law.

All the results presented next correspond to fractures
at the state of propagation. The fractures were propa-
gated from an initial length of 0.1 m to reach 9 m long.
For example, Fig. 4 shows the profile of a propagating
fracture at different lengths every 1 m interval.
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Fig. 6 Fluid-pressures in the fractures for different values of the
loading slope of the constitutive cohesive law

Figure 5 shows the obtained half-width of a fracture
in an elastic solid for cases of different loading slope
of the cohesive constitutive relation after the fracture
reached a length of 5 m. The calculated width of the
propagating elastic-softening, which corresponds to kn

(×1), is much larger than the calculated width of the
rigid-softening which corresponds to kn (×20). The
cusping of the fracture profiles is larger for the case of
elastic-softening indicating a ductile behavior.

The results of the rigid-softening are similar to a
brittle behavior or to a pure elastic fracture without a
process zone. The differences in the results are the out-
come of the cohesive zone models which were incor-
porated as the fracture propagation criterion.

Figure 6 shows the corresponding pressure profile in
the fractures when the visual tip reached a distance of
5 m. The fluid front position is found to be at the point
where the fluid pressure changes sign or falls to zero. It
was assumed in these computations that the formation
domain and the process zone are impermeable and the
pressure drop takes place mainly at the visual tip for
these specific parameters.

Figure 7 shows the net-pressure (pressure in the
fracture—remote confining stress) during fracture
propagation. Higher pressure is needed to propagate
the fracture with elastic-softening cohesive behavior.
The pressure drop is more pronounced in the case of
the elastic-softening behavior compared to the pres-
sure drop in the case of the rigid-softening behavior.
However, as Fig. 7 suggests, for very long fractures is
expected that the net-pressure for all cases will tend
to zero as the length of the process zone diminishes
compared to the fracture length.

Figure 8 shows the distribution of the cohesive stress
(stress transferred normal to the propagation direction)
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Fig. 7 Net-pressures vs fracture length for different values of
the loading slope of the constitutive cohesive law
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Fig. 8 Distribution of cohesive stress (normal to propagation
direction) in front of the fracture for different values of the load-
ing slope of the cohesive law

in front of the fractures for the different values of the
loading slope of the constitutive cohesive model. The
results reveal that the tensile stress is contained in a
small region near the tip with its maximum value equal
to the assumed tensile strength of the rock. During the
fracturing process there is a relief of the compressive
stresses ahead of the fracture tip followed by a com-
plete separation when the crack-opening reaches the
critical value defined in the propagation criterion. The
elastic-softening model generates much longer process
zone compared to the rigid-softening model. The short
process zone generated by the rigid-softening model
suggests that its results can be compared for valida-
tion with the results of an elastic fracture loaded with
a uniform internal pressure. It seems that the loading
slope of the constitutive cohesive model influences to
a large extent the size of the generated process zone in
hydraulic fracturing and as a result wider fractures are
generated and higher pressures are needed for propa-
gating an elastic-softening cohesive fracture.
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Fig. 9 Influence of the in-situ stress field on the fracture aper-
tures for elastic-softening (E-S) and rigid-softening (R-S) cohe-
sive laws. The cases marked with X2 correspond to a double
value of the confining stresses
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Fig. 10 Influence of the in-situ stress field on the pressure dis-
tributions for elastic-softening (E-S) and rigid-softening (R-S)
cohesive laws

Furthermore, we investigated the role of the confin-
ing stresses in hydraulic fracturing. It was suggested
that the existence of the confining stresses in field con-
ditions may increase the resistance of rock to frac-
turing leading to an apparent increase of the fracture
toughness. We repeated the calculations of the two
extreme cases, for rigid-softening and elastic-soften-
ing for a stress field where the confining stresses were
doubled. Figure 9 shows that the fracture width profiles
were almost doubled when the confining stresses were
doubled for both rigid-softening and elastic-softening
models. Figure 10 shows the corresponding pressure
profiles in the fractures for the two cohesive material
models and for the different confining stresses. These
results are better compared in Fig. 11 where the net-
pressures are plotted. Apparently in a field with high
confining stresses, higher net-pressure is needed for
creating a hydraulic fracture and a wider fracture is
created.
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Fig. 11 Influence of the in-situ stress field on the elastic net
pressures for elastic-softening (E-S) and rigid-softening (R-S)
cohesive laws
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Fig. 12 Influence of the in-situ confining stresses on the cohe-
sive stresses in front of the fractures for elastic-softening (E-S)
and rigid-softening (R-S) cohesive laws

We emphasize again that the differences in the
results of Figs. 9, 10, 11 are due to the longer process
zone which is created under higher confining stresses
as clearly shown in Fig. 12. However, the difference
in the results is expected to diminish with increasing
fracture length but there are many applications where
short hydraulic fractures are created in weak rock for-
mations.

Computations were also carried out for hydraulic
fracturing in a porous material taking into account
the fluid diffusion in the surrounding formation. The
results were compared with the results from the non-
porous material where fluid diffusion and leak-off in
the formation were ignored. The objective of these cal-
culations was to investigate further how the results of
the cohesive model will be affected by the existence
and the changes of the pore pressure in the formation.
Figure 13 shows the half-width of a propagating frac-
ture in the poroelastic solids for the cases of different
loading slope of the cohesive constitutive law after the
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Fig. 13 Aperture of porous-elastic fractures for different values
of the loading slope of the cohesive laws
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Fig. 14 Pressure profile in the porous-elastic fractures for dif-
ferent loading slope of the cohesive law

fracture reached a length of 3 m. Comparing the results
of Fig. 5 for the non-porous fracture, with the results of
Fig. 13 for the porous fracture it is evident that the
porous fracture profiles are wider especially for the
case of the elastic-softening cohesive model whereas
for the case of the rigid-softening behavior the differ-
ence is negligible. The porous fractures reached about
the same width at a shorter length (3 m) compared to a
longer length (5 m) for the non-porous fractures.

Figure 14 shows the pressure profile in the fracture
and process zone during propagation when the visual
tip reached a distance of 3 m. The fluid-pressure drops
abruptly near the visual tip. The pressure ahead of the
fracture tip decreases to values below the initial forma-
tion pressure and far away from the tips tends asymp-
totically to its initial undisturbed value (1.85 MPa).

Figure 15 shows the net-pressure (pressure in the
fracture—remote confining stress) during fracture
propagation as a function of the fracture length for
the porous models. In comparison with Fig. 7, the
required net-pressure that is needed for propagating the
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Fig. 15 Net-pressures for porous-elastic fractures for different
loading slope of the cohesive law

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

C
oh

es
iv

e
st

re
ss

es
(M

Pa
)

3.25 3.9 4.55 5.2 5.85 6.5 7.15 7.8

Distance from visual tip (m)

Porous kn (x1)
Porous kn (x5)
Porous kn (x15)
Porous kn (x20)

Fig. 16 Distribution of stress normal to the propagation direc-
tion for porous models

porous fracture is higher than the net-pressure required
for propagating the non-porous fracture, especially for
short propagations.

In order to estimate the size of the cohesive zone
in the porous models we plotted in Fig. 16 the profile
of the stress normal to the propagation direction ahead
of the fracture tip. It is observed again that the process
zone size is much larger in the case of the elastic-soften-
ing behavior, especially in the case of the porous model,
suggesting that the pore-pressure in the formation has a
strong interaction with the stress concentration near the
fracture tip. It is noted that although a linear softening
behavior in the cohesive model was implemented, the
calculated stress profiles from the resulting separations
are sufficient non-linear. This outlines the adequacy of
simple softening relations in capturing the non-linear
stress distribution ahead of the crack tip.

In the next computations we investigated the influ-
ence of the exponential softening form described by
Eqs. (16), (17) and depicted in Fig. 2 on the required
propagation pressures and fracture dimensions of the
created fractures. Figure 17 shows the half-width of a
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Fig. 17 Width-profiles for porous elastic fractures with different
form of exponential softening
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Fig. 18 Pressure distributions in the porous-elastic fractures for
different form of exponential softening

propagating fracture in poroelastic solids for cases of
different exponential softening. It is clear that the exact
form of the exponential softening does not influence to
a great degree the fracture profiles as well the pressure
profile in the fracture (Fig. 18).

Figure 19 shows the distribution of the cohesive
stress (stress transferred normal to the propagation
direction) in front of the fractures for the different
values of the exponential softening in the constitutive
cohesive model. The results reveal that the form of the
exponential softening changes slightly the stress pro-
file in the process zone but the size of the process zone
remains nearly unaffected.

5 Conclusions

We studied the influence of the cohesive zone charac-
teristics on the modeling of hydraulic fracturing tech-
nique. The objective was to explain, at least partially,
the elevated pressures that are needed to propagate the
fractures in the field and they are not correctly pre-
dicted by the conventional models. In order to keep the
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Fig. 19 Distribution of stress normal to the propagation direc-
tion for porous models and different form of exponential
softening

model parameters to a minimum, rigid-softening and
elastic-softening cohesive relations were considered to
represent the splitting process of the rock near the frac-
ture tip. A set of fully coupled models for the fluid-flow
in the fracture, the rock deformation and the fracturing
process were implemented and solved numerically with
the finite element code Abaqus.

From the analysis conducted, we found that for prop-
agating a fracture with an elastic-softening cohesive
model higher pressure is needed and the created frac-
ture is wider compared to the case of a rigid-softening
cohesive model. These results are due to the larger pro-
cess zone obtained with the elastic-softening model.
Furthermore, we showed that the exact form of the soft-
ening branch of the cohesive model has no significant
influence on the obtained results. We found that the
existence of the confining stresses increases the size
of the process zone and results in wider fractures and
higher propagation pressures. The changes in the pore
pressure during fracturing, increase further the size of
the process zone which in turn increase the propagation
pressures and the dimensions of the created fractures.
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