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Abstract In this work, we investigate numerically the injection of supercritical carbon diox-
ide into a deep saline reservoir from a single well. We analyze systematically the sharp-
interface evolution in different flow regimes. The flow regimes can be parameterized by two
dimensionless numbers, the gravity number, � and the mobility ratio, λ. Numerical simula-
tions are performed using the volume of fluid method, and the results are compared with the
solutions of the self-similarity equation established in previous works, which describes the
evolution of the sharp interface. We show that these theoretical solutions are in very good
agreement with the results from the numerical simulations presented over the different flow
regimes, thereby showing that the theoretical and simulation models predict consistently the
spreading and migration of the created CO2 plume under complex flow behavior in porous
media. Furthermore, we compare the numerical results with known analytic approximations
in order to assess their applicability and accuracy over the investigated parametric space. The
present study indicates that the self-similar solutions parameterized by the dimensionless
numbers λ, � are significant for examining effectively injection scenarios, as these numbers
control the shape of the interface and migration of the CO2 plume. This finding is essential
in assessing the storage capacity of saline aquifers.

Keywords CO2 sequestration · Saline aquifer · VOF method · Porous media

1 Introduction

The management of greenhouse gases has emerged as a critical issue concerning many fields
of applied research. The greenhouse gases are produced from fossil fuels which remain
the main source of energy for domestic and industrial applications. The Carbon Dioxide
is the main greenhouse gas whose emissions that are released into the atmosphere need
to be minimized in order to mitigate and balance the harmful consequences of the global
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warming. One of the most popular emerging methods for mitigating the adverse effects of
this greenhouse gas is the sequestration (capture and storage) of the carbon dioxide into the
subsurface at supercritical conditions (Bachu and Adams 2002, Bachu 2003). There are many
possible geological settings that can be used for this purpose including: depleted oil and gas
reservoirs (Ravagnani et al. 2009), saline aquifers (Qi et al. 2009), coal beds (Gale and Freund
2001), deep ocean sediments (Sheps et al. 2009), and salt formations (Dusseault et al. 2004).
The two main economically viable formations types for implementing this technology appear
to be the depleted oil/gas reservoirs and saline aquifers. These formations provide the most
reliable and safe solution in terms of volumetric capacity, efficiency, and self-containment.
Therefore, they can be part of reliable injection strategies. One should mention, however,
that the general concept of geological storage of CO2 and its evolvement as a viable solution
strategy is still a matter of debate (Ehling-Economides and Economides 2010; Cavanagh et
al. 2010) and on-going research. In this work, we will examine the saline aquifer as the target
formation as it appears to be the most effective possible location for CO2 storage due to its
large potential capacity.

The sequestration injection process of carbon dioxide into the subsurface involves nearly
immiscible multiphase flow of the supercritical CO2 and resident fluid. The difference in the
densities of the two fluids (CO2 being less dense and viscous than the resident brine) causes
a clear separation with the invading CO2 layering on the top of the aquifer while the brine
host fluid recedes at the bottom of the formation (Dentz and Tartakovsky 2009). Furthermore,
according to these two fluid properties, the CO2 can migrate away from the injection site
depending on its buoyancy and mobility relatively to the brine. Usually, the modeling of this
two-phase flow in porous media involves the complete gravity segregation (sharp interface)
approximation and the vertical equilibrium (Dupuit) approximation (Bear 1972; Nordbotten
et al. 2005; Nordbotten and Celia 2006; Dentz and Tartakovsky 2009; Houseworth 2012).
Thus, the problem can be reduced to the determination of the sharp interface evolution. The
proper understanding of the interfacial dynamics as encapsulating the displacement process
is the focus of many research areas and disciplines related to enhanced oil and coal-bed
methane recovery, oil field wastes (mixture of fluids and solvents) from oil production,
seawater intrusion, ground water movement, pollutant transport, geothermal reservoirs, and
environmental assessment and management.

The numerical and analytical modeling of the CO2 sequestration problem involves many
different physical mechanisms. There are three dominant physical processes and trapping
mechanisms taking place in both, during and after the injection of CO2 into geological
formations which vary significant with time. First, during and after stopping the injection,
advective multi-phase processes dominate when the CO2 plume is evolving. In this first
stage, the multiphase flow is driven by viscous forces due to the injection overpressure and
by buoyancy due to the density differences. The time scale associated with this physical
process is in the order of a century. After the first phase, the multi-phase flow slows down
and the effect of dissolution of CO2 into the brine increases. The third physical process begins
when the time is sufficient to dissolve the injected CO2 completely or to generate significant
mineralization due to geochemical reactions (i.e., precipitation of calcite). The time scales
associated with the aforementioned processes are discussed in the Special Report on Carbon
dioxide Capture and Storage IPCC (2005) and Class et al. (2009).

In recent years, researchers have attempted to model the CO2 sequestration problem
assuming axial symmetry to establish fundamental understanding of the process by utilizing
both numerical analyses and analytical solutions. The theoretical basis for the basic under-
standing of the CO2 plume evolution was presented by Nordbotten and Celia (2006). They
formulated the advancement of the CO2 plume in the reservoir as a sharp interface prob-
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lem under vertical equilibrium using well-known equations in hydrological problems, and
presented a self-similarity solution in the regime of fast injection i.e., when buoyancy is vir-
tually negligible. In another important theoretical contribution Dentz and Tartakovsky (2009)
managed to derive an expression for the sharp interface evolution through a simplifying inter-
pretation of the Dupuit approximation. The theoretical bounds and the applicability of that
solution for predicting the interface is still a matter of discussion by many researchers (Lu et
al. 2009; Dentz and Tartakovsky 2009). Houseworth (2012) used matching of approximate
near-boundary solutions to derive semi-analytic expressions that reproduce quite accurately
the self-similarity solutions of the sharp interface equations in the entire (�, λ) parameter
space, presenting also comparisons with the analytical expressions of Nordbotten et al. (2005)
and Dentz and Tartakovsky (2009). Further analytical studies on the CO2 sequestration prob-
lem have been presented in many other works; see e.g., MacMinn and Juanes (2009), Hesse
et al. (2007, 2008) and Wang et al. (2012).

The purpose of this work is to investigate the extent at which the self-similar sharp-interface
solutions reproduce the behavior of the CO2 plume as it is captured in the far more detailed
modeling by the numerical solutions of a two-phase flow solver. We revisit first the governing
equation of the self-similar solutions of the sharp interface equations. This is a non-linear
ODE, susceptible only to numerical solution. Due to this necessity the importance of this
equation has been somewhat underestimated in the literature. Nonetheless, the self-similarity
equation poses a far more tractable problem than dealing with the full two-phase flow under
the same conditions. Thus, it can be used as a tool of intermediate difficulty, between the
exact analytic expressions on the one-hand and full numerical simulations on the other, for
making useful predictions about the CO2 plume evolution under given conditions. Therefore,
that tool should be assessed regarding the extent to which it reproduces the behavior of the
two-phase flow, an undertaking also somewhat neglected in the literature. Thus, we compare
these solutions against the numerical solutions produced by the volume of fluid method
(VOF). This comparison is done for a set of cases that essentially cover all the physically
different regions in the (�, λ) parameter space. Other numerical studies and contributions
can be found e.g., in Class et al. (2009); Schnaar and Digiulio (2009) and Jiang (2011). We
find that, at its mature stage and within the period of time where our approximations are
physically meaningful, the self-similar solutions capture rather impressively the behavior of
the CO2 plume-brine interface; the fine differences that arise can be classified according to
the region in the (�, λ) parameter space.

This work is organized as follows: In Sect. 2, we present the necessary theoretical back-
ground as given in the literature (Nordbotten and Celia 2006; Nordbotten et al. 2005; Dentz
and Tartakovsky 2009). In Sect. 3, we focus on the description of the numerical models that
were created and solved with Ansys-Fluent. The results from the comparisons are presented in
Sect. 4. The discussions and critical evaluations on the comparisons made with the analytical
expressions of Nordbotten et al. (2005) as well as Dentz and Tartakovsky (2009) to demon-
strate their deviation from the exact similarity solutions and the full numerical solutions are
presented in Sect. 5.

2 Theoretical Formulation

We model the axisymmetric spreading of supercritical CO2 plume into a porous formation
as an immiscible displacement problem; the formation is homogeneous, is confined above
and below by impermeable geological settings and is fully saturated by a resident fluid
(brine). The problem set up involves a sharp interface between the invading fluid (CO2) and
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Fig. 1 Schematic representation of the problem setting

the resident fluid which are immiscible, assuming vertical equilibrium and neglecting the
capillary pressure. In order to minimize complexity, the fluids are assumed to be Newtonian,
incompressible, and chemically inert.

The validity of the gravity or buoyancy segregation (sharp interface) and vertical equilib-
rium was discussed by Houseworth (2012), building on the work of Yortsos (1995). Vertical
equilibrium is maintained due to the large aspect ratio of the aquifer i.e., the radial extent of
the plume at its mature stage is much larger than the thickness of the aquifer. Indeed, in the
case, we shall consider the aspect ratio is roughly 100:1, which is more than adequate as the
error is of the order (1/100)2, Houseworth (2012). Then, the assumption that the capillarity
effects are negligible implies that the fluids are segregated according to density. The assump-
tion that the capillarity effects are negligible is less well founded; indeed, capillary forces
may lead to non-negligible transition saturation zone rendering the sharp-interface assump-
tion invalid, or introduce new phenomena which may modify the sharp interface significantly
(Golding et al. 2011; Nordbotten and Dahle 2011; Golding et al. 2013; Zhao et al. 2013).
Nonetheless, capillary effects are in general less important than the effects of buoyancy for
the problem at hand (see e.g., MacMinn and Juanes 2009), and we shall take the capillary
pressure as negligible.

The injected CO2 moves radially outward, eventually forming a continuous plume with
a well defined borderline (sharp interface) with the resident fluid. Due to the difference in
the densities of the resident brine and the CO2, with the CO2 being less viscous i.e., more
mobile, gravity override will take place directing the injected fluid towards the top of the
porous formation (Fig. 1). We consider the period during injection. The equations governing
the evolution of the interface have been developed by Nordbotten and Celia (2006) (see also
Houseworth 2012); for background theory the reader may consult Bear (1972). We will not
add anything new to the derivation of the interface dynamics equations in the problem at
hand. We shall, therefore, simply quote the basic equation from the references. Let k be the
intrinsic permeability of the porous medium and φ is the porosity of the medium. Let ρc, ρw
be the mass density of the CO2 and brine respectively, μc, μw their dynamic viscosities and
kr

c , kr
w their relative permeabilities. Let h(r, t) be the thickness of the CO2 plume at time t

at distance r from the well. The plume is advancing between the two impermeable layers at
z = 0 and z = H . Q is the injection flow rate. The dynamic equation for h(r, t) then reads:

∂h

∂t
= 1

r

∂

∂r

[
�ρg kλw

φ

λ h (H − h)

λ h + H − h
r
∂h

∂r
+ Q

2πφ

H − h

λ h + H − h

]
(1)
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with �ρ = ρw − ρc. The quantities λw, λc are the mobilities of the CO2 and water, respec-
tively, and λ is the mobility ratio (relative mobility of CO2):

λ = λc

λw
= kr

c/μc

kr
w/μw

(2)

The mobility ratio λ is the first dimensionless number that makes naturally its appearance
and is one of the coordinates of the parameter space in this problem. Equation (1) is by
construction consistent with the CO2 mass conservation:

Q t = φ πr2
bed H + φ

rcap∫
rbed

2πr h(r, t) dr = φ

H∫
0

πr2(h, t)dh (3)

The distances at which the CO2 interface meets the bed and the cap of the formation at time
t are defined by h(rbed, t) = H and h(rcap, t) = 0.

The effects of buoyancy are controlled by the first term in the square brackets in (1). The
time-scale associated with CO2 movement due to buoyancy, and therefore associated with
the strength of this term in Eq. (1), is

τbuoyancy = H

ubuoyancy
= Hμw
�ρg k

(4)

This scale expresses the time it takes for an injected CO2 volume to traverse vertically the
formation due to buoyancy relatively to the resident fluid. It is formed out of the buoyancy
velocity scale which often appears in gravity current analyses (see Huppert and Woods 1995)
and follows directly from Darcy’s law. Clearly, the buoyancy time scale is also the time scale
of gravity segregation and the formation of a clear interface between the invading and resident
fluid.

Consider first the case where buoyancy effects can be neglected. Although buoyancy is
initially responsible for the segregation of the two phases it may well become negligible
once the sharp interface is formed and (1) holds. One may guess intuitively that, as we shall
see explicitly below, this is the case when the scale τbuoyancy is adequately smaller than the
injection time scale, Q/H3. Then, Eq. (1) becomes a non-linear first order wave equation
with spatial variable r2:

∂h

∂t
+ c(h)

∂h

∂r2 = 0, c(h) ≡ Q

πφ

λH

(λ h + H − h)2
(5)

The homogeneity of (5) implies that the field h is constant along each characteristic curve.
The characteristics, therefore, read: r2 = ct + r2

0 . At times late enough such that the initial
condition constant r2

0 can be dropped, the solution of (5) reads

r2

t
= c = Q

πφ

λH

(λ h + H − h)2
(6)

Therefore, Eq. (6) is the asymptotic solution of (5) which is the no-buoyancy limit of (1).
Clearly, it is also a self-similar solution of (5) i.e., a time-invariant shape for the similarity
coordinate r2/t .

Given Eq. (6), the evolution of rcap and rbed follows immediately upon setting h = 0 and
h = H respectively. The vertical average of r2 reads:

〈r2〉
t

= Q

πφH
(7)
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In fact, Eq. (7) is nothing but the volume conservation (Eq. 3). That is, Eq. (7) is a general fact
and it holds as long as (1) holds. This result shows that the mean r2 spreading of the plume
interface is determined solely by the invading fluid injection rate Q and the porosity φ of the
porous medium. The shape of the interface, on the other hand, depends on the mobility of the
invading fluid relatively to the resident one as well as on the diffusion effects of buoyancy
when the latter is not negligible.

Consider the buoyant self-similar solutions i.e., the self-similar solutions of (1). They are
expected to emerge at times at least as large as the buoyancy scale τbuoyancy. Thus, we define
the dimensionless quantities χ, x by:

r2

t
= Q

πφH
χ, x = h

H
(8)

and seek a solution of Eq. (1) of the form h = H x(χ), where x is the normalized plume
thickness: 0 ≤ x ≤ 1 and χ is the normalized similarity coordinate chosen so that the volume
conservation in (3) translates to:

1∫
0

χdx = 1 (9)

One may observe that the general mean r2 in (7) follows from Eqs. (8) and (9). Substituting
(8) in (1) yields:

− χ
dx

dχ
= d

dχ

[
2�
λ x (1 − x)

λ x + 1 − x
χ

dx

dχ
+ 1 − x

λx + 1 − x

]
(10)

where � is the gravity number:

� = 2πH2�ρg kλw
Q

(11)

The gravity number �, is the dimensionless parameter encoding the strength of the buoyancy
effects as defined by Nordbotten and Celia (2006). For � = 0 buoyancy is negligible.
Equation (10) is the defining equation of the self-similar solutions of (1). The solutions form
a two-parameter family of functions depending on the pair (�, λ) for � ≥0 and λ >1. The
gravity number can also be understood as the ratio of the injection to the buoyancy rates
(denoted as inverse respective time scales):

� = 2
τ−1

buoyancy

τ−1
injection

, τ−1
injection = Q

πH3 (12)

Equation (12) suggests that if the effects of buoyancy progress fast enough relatively to the
injection then the buoyancy effects control the shape the interface appreciably. It is important
to note that the buoyancy term i.e., the first term on the right-hand side of Eq. (1) expresses
diffusion of the CO2 mass in the radial direction. The gravity number � can be seen as the
relative strength of that term in the equation. That is, when the gravity number is large, we
have a relatively strong diffusion of the CO2 plume outward. Finally, we notice that the
gravity number � does not depend on the mobility of the invading fluid. Therefore, � and λ
are indeed independent parameters.

It is more convenient to try to determine the functions χ(x) i.e., to solve for the distance
r as a function of the plume thickness h, and not the other way around. After all, the range
of values of the normalized thickness x is fixed, 0 ≤ x ≤ 1, while the range of values of r
and therefore of χ is part of the solution. Let us define the volume function:
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ψ(x) =
1∫

x

χ(x ′)dx ′ (13)

This is the volume of the CO2 from the bed of the formation (x = 1) to thicknessx . Clearly,
if ψ(x) is known then χ(x) is also known:

χ(x) = −ψ ′(x) (14)

where the prime denotes differentiation. Integrating, Eq. (10) becomes

ψ = ψ0

(
1 + 2�λ x

ψ ′

ψ ′′

)
, ψ0 = 1 − x

1 + (λ− 1)x
(15)

where ψ0 is the no-buoyancy (� = 0) volume function, as it follows clearly from (15) in
a trivial algebraic way. By Eq. (14), the solution ψ0 gives the Nordbotten and Celia (2006)
no-buoyancy solution:

χ = λ

(1 + (λ− 1)x)2
(16)

which also follows algebraically from the self-similarity Eq. (10) for�=0. In other words, the
result in (16) is the solution of (6) that is obtained explicitly above as an asymptotic solution
of (1) in the limit of negligible buoyancy.

Implicit in the derivation of Eqs. (15) from (10) is the volume conservation of (6) that is
encoded in (10). Therefore, as one may verify directly, it need not be used as an independent
condition. In other words, Eq. (10) is equivalent to (15) together with the end-point conditions:

ψ(0) = 1, ψ(1) = 0 (17)

The first condition expresses the mass conservation, followed by Eq. (9) and the definition
of (13), while the second is a mere implication of the definition. Equation (15) and the
conditions (17) define completely the mathematical problem at hand. This problem must be
solved numerically. The result is a specific curve ψ (x) of each pair (�, λ). Through (13)
and the definitions of (8) this curve translates to the evolving interface curve of all two-phase
flows characterized by the pair (�, λ).

3 Numerical Modeling

The modeling of CO2 injection as an immiscible displacement problem possesses special
challenges because of the nonlinearities inherent in the multiphase flow regimes and their
interaction with the porous formation. As closed form analytical solutions are rare and apply
under special conditions, numerical simulations provide valuable tools to investigate the
dynamics of the CO2 front invading the porous medium.

The VOF method is one of the most popular schemes for tracking interfaces (Hirt and
Nicholls 1981; Gueyffier et al. 1999). The interface with the VOF method may be represented
explicitly on a fixed cell grid and the interface tracking is performed by volume changes in
the grid cells. The use of this method may be contradicted by others that use an implicit
methodology to describe the interface. With the VOF method, the structure of the data that
represents the interface is a fraction αq taking values from (0–1) in each cell that is filled with
a reference fluid phase. In a current cell, if the volume of the reference fluid is altered the
values of the fraction are between (0–1) while away from the cell where no changes are made
is either zero (0) or unity (1). The advantage of the explicit determination of the interface
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VOF tracking method is that no approximation is needed for the position of the interface,
thus, the evolution of the interface in space and time is a natural outcome of the solution
algorithm. The VOF method is analogous with the level set methods that also represent front
tracking information. The key difference of the two methods is that in the VOF methods,
the interface is represented by a discontinuous function while in the level set methods this
interface is defined by the zero contour of a smooth function. Furthermore, the VOF method
conserves exactly the volume of the fluids. The advantage of both methods (VOF-level set)
is their simplicity and no special numerical treatment is needed when the flow undergoes
changes and the interface is disrupted. Reconnection of the interface will be performed as
a part of the solution. The interfaces are modeled as discontinuities with constant surface
tension. The reconnection of interfaces that VOF and the level set methods present is very
elegant in the modeling of the CO2 sequestration problem (Liu et al. 2010; Wang et al. 2012;
Raeini et al. 2012).

The equations that govern the multiphase flow are solved with the numerical method of
the finite volumes. The volume fraction for each fluid phase satisfies a continuity equation
(mass conservation) along with the condition that the volume fractions sum to one (VOF
method for multiphase flows). Explicitly these equations are

∂
∂t (φαqρq)+ ∂

∂xi
(φαqρqvqi ) = 0 (18)

αc + αw = 1 (19)

respectively, where q = c, w labels the carbon dioxide and brine phases and ρq and vqi are
the mass density and the i-th Cartesian component of the physical velocity of the phase q
respectively.

The gravity term responsible for the segregation is included in the conservation of momen-
tum equations for each phase which read

∂

∂t
(φαqρqvqi )+ ∂

∂x j
(φαqρqvq jvqi )

= −φαq
∂p

∂xι
+ ∂

∂x j
(φτqi j )+ φαqρq gi − αq

φ2μq

kq
vqi (20)

where τqi j = αqμq(∂ivq j + ∂ jvqi ) is the shear stress tensor of the fluid phase q where
μq is dynamic viscosity of that phase and gi is the gravity acceleration vector. The porous
medium is modeled by the addition of the last term on the right-hand side of the momentum
equations as a momentum sink term that involves the fluid phase q permeability kq of the
porous medium. This term implements the modified Darcy law.

The convective acceleration and viscous terms in Eq. (20) are virtually negligible in our
applications as both the velocity and its spatial variation are small (ρkv/μφ and

√
k/φ

are much smaller than any macroscopic linear dimension in the problem). Therefore, the
momentum conservation Eq. (20), which is part of the Ansys-Fluent code, operates effectively
as a Darcy law here. No capillarity effects are included. The relative permeability kr

q = kq/k
of each phase q is equal to 1. The intrinsic permeability k, the mass density ρq and the
viscosity μq of each phase are the physical input parameters of the models along with the
superficial velocity 	vsuperficial = φ	v of CO2 at the wellbore boundary which determines the
CO2 injection rate Q. Exactly the same parameters are included in the self-similarity equation
for the sharp interface. The volume fraction cutoff is the additional (model) parameter of the
VOF method defined as the minimum non-zero volume fraction each phase may have in
every element. All volume fraction values in the domain below this value are set to zero;
also all volume fraction values higher than 1 minus the cutoff are set to 1. In other words the
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cutoff defines the range of volume fractions a phase may have in any element without being
0 or 1 i.e., defines whether an element will be part of the interface layer or not. The cutoff is
set to 10−6.

The velocity that is used in the numerical simulation is the superficial flow velocity. Ansys-
Fluent considers that the fluid cells are completely open (i.e., no interaction with the rock
matrix). Using the concept of porosity and the superficial velocity, one can calculate the value
of the actual velocity flowing through the porous formation. For the numerical approximation
of the pressure that is encountered in the multiphase flow in porous media, the PISO (pressure
implicit with splitting of operators) method was used. The PISO is an efficient method to
solve the Navier–Stokes equations in unsteady and in severely nonlinear problems. The main
advantages of this method are (a) no under-relaxation is applied and (b) the momentum
corrector step is performed more than once. The algorithm can be summarized as follows:
(1) set the boundary conditions, (2) solve the discretized momentum equations to compute
an intermediate velocity field, (3) compute the mass fluxes at the cells faces, (4) solve the
pressure equation, (5) correct the mass fluxes at the cell faces, (6) correct the velocities on
the basis of the new pressure field, (7) update the boundary conditions (if required from the
problem at hand), (8) repeat from step (3) for a prescribed number of times, (9) increase the
time step and repeat from step (1). Steps (4) and (5) are repeated for a prescribed number of
times to correct for non-orthogonality of the control volumes in the numerical solution.

The discretized domain was considered to be 5,000 m × 30 m (Fig. 1) to ensure vertical
equilibrium in the numerical solution. The wellbore location is at the left corner. In the
geometric construction of the model we have also considered the wellbore radius rw = 0.15 m.
For a long formation (i.e., 5 km) the size of the wellbore radius is negligible and its effects in
the evolution of the CO2 plume can be ignored. The model is axisymmetric by construction.
The CO2 is injected along the wellbore as an inlet boundary condition. No flow conditions
(walls) were imposed at the bottom and at the top side of the models. These conditions are
true for an aquifer with impermeable upper and lower boundaries (i.e., confined). At the right
end of the models outlet boundary conditions were used with zero gauge pressure to ensure
the flow path. The changes that are expected between the interface of the two fluids, and the
strong interaction of the multiphase flow in the porous formation with the cap rock is dealt
with placing a sufficient fine mesh around the wellbore and in the vicinity of the caprock.

In order to avoid uncontrolled generation of cells grids as well as to save computational
time, we have used biased mesh at the two geometric areas mentioned. The results presented
in this work where chosen such that the total number of cells used in the simulations was
about 48,000. The grid spacing in the radial direction begins with a spacing of 0.96 m and
increases by a constant factor of 1.0038 including 800 grid cells. The grid spacing in the
vertical direction begins with a spacing of 0.145 m starting from the cap of the formation and
increases by a constant factor of 1.0364 including 60 grid cells. Roughly 1/3 of the mesh was
used near the cap in order to capture fine physical changes in the interface evolution. A mesh
dependency check was performed using grids of 3,000, 12,000 and 192,000 elements (Fig. 2).
The mesh in each case was generated by diving or multiplying the number of elements in the
radial and the vertical direction of the original mesh by suitable factors of 2. The results for
the interface for the case λ = 6 and � = 1 are shown in Fig. 2. The interface is presented as the
set of elements containing a mixture of the two phases with volume fraction cutoff 10−6 i.e.,
the volume fraction of each phase lies between 10−6 and 1 minus 10−6, as discussed above in
this section. This way one may verify whether a sharp interface is formed by the simulations.
The results in Fig. 2 show that a fairly well-defined interface is formed as a thin layer already
from the 12k elements, which also follows the exact self-similarity solution. The result of the
192k elements mesh verifies further the convergence the of numerical simulation results to the

123



S. Ernestos et al.

z

H

z

H

z

H

z

H

r
H

V
r

H

V

r
H

V
r

H

V

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0 0.5 1.0 1.5 2.0 2.5 3.00.0 0.5 1.0 1.5 2.0 2.5 3.0

Self similar
Fluent

Self similar
Fluent

Self similar
Fluent

Self similar
Fluent

(a) (b)

(c) (d)

Fig. 2 Mesh convergence check for mobility ratio λ = 6 and gravity number � = 1. Fluent (A): 3k elements,
Fluent (B): 12k elements, Fluent (C): 48k elements, Fluent (D): 192k elements

self-similarity solution. Of course, this finer mesh is quite demanding in computational time.
Even the 48k mesh requires a fairly conservative time-step schedule in order to satisfy the
Courant–Friedrichs–Lewy condition and to avoid triggering instabilities, such as discon-
nected CO2 plume bubbles which are pure numerical artifacts.

The calculations were carried out in Ansys-Fluent, a nonlinear finite volume code suit of
programs. The usual eight-node tetrahedral cell elements were used to model the fluid flow
in the aquifer and the interface evolution process. The computation of the fluid diffusion in
the porous domain and the interface evolution process is performed by the displacement of
the dense fluid (brine) by the less dense (CO2) in the cells center.

4 Results

In this section, we present the results from the multiphase flow analysis that has been con-
ducted for the modeling of the spreading of supercritical CO2 plume into a porous formation.
As already mentioned, the analysis classifies all cases of plume interface evolution accord-
ing to the pair of dimensionless numbers (λ, �). In order to get a feeling of the physically
interesting values, first of all we note that according to Nordbotten et al. (2005) the cases of
practical interest can be classified into shallow and deep aquifer formations and further into
warm and cold formations. In these categories the mobility ratio varies as: (a) shallow-warm:
21.3< λ <38.4, (b) shallow-cold: 13.8< λ <27.4, (c) deep-warm: 4.9< λ <7.9 and (d)
deep-cold: 6.2< λ <10.5. The aforementioned range of the mobility ratios suggests that the
injected fluid is more mobile than the ambient fluid in the formation. In general, the CO2

being less mobile than the resident fluid is highly rare to occur in saline aquifer formations.
Thus, we shall restrict ourselves to the cases where λ >1, considering values also near to the

123



Investigation of Self-Similar Interface Evolution

Table 1 Model input data

Variable Value

Geometric properties

Aquifer thickness, H (m) 30

Wellbore radius, rw (m) 0.15

Wellbore face area, A (m2) 28.35

Porous formation properties

Rock permeability, K (m2) 2E−14

Porosity, ϕ (-) 0.15

Fluids properties

Water density, ρw (kg/m3) 1,045

Water viscosity, μw (kg/s m) 2.54E-4

CO2 density, ρc (kg/m3) 479

CO2 viscosity, μc (kg/s m) 2.54E−4 2.12E−4 4.23E−5 1.69E−5 8.47E−6

Mobility ratio, λ (-) 1 1.2 6 15 30

Pumping parameters

Superficial velocity, u (m/s) 4.36E−4 8.72E−5 1.74E−5 5.81E−6

Injection flow rate, Q (m3/s) 1.24E−2 2.47E−3 4.93E−4 1.65E−4

Gravity number, � (-) 0.2 1 5 15

borderline value λ = 1 as they exhibit their own interesting behavior. At the other end of the
range of λ, it turns out that it is adequate to consider values of λ at most up to 30, as these
cases essentially exhaust the qualitatively different types and behavior of the plume interface
as that is compared to the associated self-similar solution. For the gravity number, we shall
consider the range 0.2 ≤ � ≤ 15. This covers the range of reasonable injection scenarios as
well as the range of cases that exhibit qualitative distinct and interesting behavior.

The input parameters upon which the numerical computations were performed are given
in Table 1. These parameters include the geometric properties of the wellbore and the forma-
tion, the porous rock formations properties, the fluids properties and the pumping parameters.
Furthermore, we also show the variance of the mobility ratio, λ according to the fluid prop-
erties and the variance of the gravity number, � according to the pumping parameters. The
mobility ratio is calculated from Eq. (2) while the gravity number from Eq. (11). In order to
investigate the influence of the interface, we have performed a number of parametric studies
that will be described in the following. These studies include (a) the influence of the mobility
ratio, λ (low to high mobility) and (b) the influence of the gravity number, � (from fast for
no-buoyancy to slow with buoyancy).

We compare the results of the full numerical solutions with the numerical solutions of
the self-similar Eq. (10). Figures 3, 4, 5, and 6 show two curves that correspond to the full
numerical simulation and the numerical solution of the self-similar Eq. (10). The Y-axis is
the interface height normalized with the aquifer thickness i.e., it is the variable we have
denoted x . The X-axis is the distance of the interface normalized with the scaling adopted
from Nordbotten et al. (2005). The normalized distance equals

√
χ where χ is the variable

defined in Eq. (8). Presumably, Eq. (7) implies that the normalizing factor, that involves
√

t ,
is nothing but the vertical mean of the aquifer distance from the well. All results presented
illustrate the interface at the mature state of evolution. For the choice of parameters of Table
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Fig. 3 Comparisons of Interface evolution for λ = 1 and �: 0.2, 1, 5, 15

1, the buoyancy time-scale defined in Eq. (4) is 2.2 years. The full numerical solution results
show a number of plume interfaces that correspond to different times frames that range from
a few to nearly a hundred buoyancy time-scales. We observe that the expected

√
t scaling of

the plume advancement, encoded in the normalized distance
√
χ from the aquifer, is indeed

very nicely respected.
We organize the results in sets of graphs with each set corresponding to fixed CO2 relative

mobility λ and increasing gravity number � = 0.2, 1, 5, 15. Figure 3 corresponds to λ = 1. As
in this case the CO2 is not very mobile, it takes a very large gravity number i.e., an injection
rate which is weak relatively to the rate of the buoyancy effects, for the plume to diffuse
substantially outward while moving upward. With decreasing gravity number, the shape of
the interface approaches the essentially vertical (“plug flow”) form, as predicted by the exact
no-buoyancy solution (16) in the limit of λ approaching 1. For all the range of �, the full
numerical solution and the numerical solution of the self-similar Eq. (15) are still in a very
good agreement.

The second set of results, presented in Fig. 4, corresponds to CO2 relative mobility ratio
λ = 6. Here, the more mobile CO2 plume directs itself substantially outward and upward for
smaller gravity numbers.

The set of graphs shown in Fig. 5 corresponds to CO2 relative mobility ratio, λ = 15.
The strongly mobile CO2 plume directs itself quite well upward even for relatively weak
buoyancy, as shown already from the first graph that corresponds to � = 0.2. The interface
is already quite convex with its tail quite close to the well. The agreement of the simulation
results with the associated self-similarity solution is again very good but a subtler effect of
the stronger CO2 mobility makes its appearance.

Already in the λ = 6 cases we may observe that the simulations are in very good agreement
with the numerical solution of Eq. (15) except in the case of � = 0.2. The small discrepancy

123



Investigation of Self-Similar Interface Evolution

z

H

z

H

z

H

z

H

r
H

V
r

H

V

r
H

V
r

H

V

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

Self similar
Fluent

0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 0 1 2 3 4

(a) (b)

(c) (d)

Self similar
Fluent

Self similar
Fluent

Self similar
Fluent

Fig. 4 Comparisons of Interface evolution for λ = 6 and �: 0.2, 1, 5, 15

z

H

z

H

z

H

z

H

r
H

V
r

H

V

r
H

V
r

H

V

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

0 1 2 3 4 0 1 2 3 4

0 1 2 3 4 0 1 2 3 4 5

Self similar
Fluent

Self similar
Fluent

Self similar
Fluent

Self similar
Fluent

(a) (b)

(c) (d)

Fig. 5 Comparisons of Interface evolution for λ = 15 and �: 0.2, 1, 5, 15

observed is by no means a numerical artifact or instability. We see that the stronger CO2

mobility together with the relatively weak buoyancy forces, at the top of the interface, deforms
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Fig. 6 Comparisons of Interface evolution for λ = 30 and �: 0.2, 1, 5, 15

by accumulation of excessive CO2 mass that is driven outward but not strongly enough
upward. This effect is amplified in the λ =15 set of cases. We may explain this phenomenon
somewhat better as follows. As mentioned in Sect. 2, mobility and injection alone operate
essentially through wave propagation in this problem while, on the other hand, buoyancy
introduces explicitly diffusion in the radial direction through the second derivative term in
(1). The dynamics of the full two-phase flow appears to work more or less on a similar basis,
this is why the self-similar solutions deviate slightly from the full numerical solutions. We
suggest that, regarding the cases presented in Fig. 5, the strongly mobile CO2 fluid advances
faster than it can diffuse, thus accumulating at the top of the formation. The relaxation time of
this phenomenon, i.e., the time it takes the CO2 mass to diffuse and form a smooth interface
according to self-similarity, should be larger than the τbuoyancy by a factor in the order of the
aspect ratio of CO2 plume at the mature stages of its evolution. Indeed the full numerical
solutions show that the phenomenon diminishes slowly with time.

The final set of results is presented in Fig. 6 and correspond to CO2 relative mobility ratio
λ = 30. Here, one observes the effects of a highly mobile CO2 amplified further. Much weaker
buoyancy is required to direct the CO2 mass upward and to bend the interface to any fixed
degree. The weak buoyancy cannot diffuse the CO2 masses that advance also outward with
even greater ease, leading to greater CO2 mass accumulation at the top part of the interface.

5 Comparisons with Analytical Expressions

The two most popular types of analytic expressions are the ones presented by Nordbot-
ten et al. (2005) and Dentz and Tartakovsky (2009). Both types of expressions rely on the
simplifications used here plus certain additional assumptions.
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In Nordbotten et al. (2005) the “no-buoyancy” self-similar solution given in Eq. (16)
was first derived by a piecewise approximation and also by minimization of the injection
work. In Nordbotten and Celia (2006) it was finally derived as the exact no-buoyancy (� =
0) self-similar solution of Eq. (1). For the non-zero � cases where buoyancy is important,
Nordbotten et al. (2005) offer a generalization of the injection work minimization procedure
to include buoyancy. They postulate that the shape of the interface separating the two fluids
is determined by minimization of the total energy (injection work + gravitational potential
energy) required to submerge a certain fixed volume of light fluid into a denser one (i.e.,
CO2 in brine), thereby including buoyancy into the system. Self-similarity is additionally
assumed in the analysis and it is introduced by working in terms of the dimensional distance√
χ from the well, where χ is defined Eq. (8). This procedure allows one to obtain nicely an

analytic formula for the shape of the interface:

χ = λ− 1

2 ((λ− 1)x + 1))2(�x +�)
(21)

where� is the Lagrange multiplier associated with the volume constraint of the minimization.
The constraint, Eq. (9), explicitly reads:

2� = λ− 1

λ
+ λ− 1

λ

�(� +�− λ�− λ� ln �+�
λ�

)

(� +�− λ�)2
(22)

The transcendental Eq. (22) cannot be solved analytically though finding the unique solution
� is an easy task numerically. Via the inequality ln x ≤ x − 1, Eq. (22) implies that

� ≤ λ− 1

2λ
(23)

Equality is attained for the no-buoyancy limit � = 0. In that limit Eq. (21) takes the form of
the exact self-similar solution for no-buoyancy given by Eq. (16), as it should.

The second analytic expression is obtained by assuming that the flow rate of each fluid is
proportional to the thickness of its layer (Dentz and Tartakovsky 2009). Their formula can
be written as:

χ = 2�̄

exp(2�̄)− 1
exp(2�̄ (1 − x)), �̄ ≡ λ�

λ− 1
(24)

One should note that this expression depends on the particular combination of � and λwhich
we denote as �̄. Equation (24) implies that under no-buoyancy the interface would advance
in a piston-like movement, in complete disagreement with the exact no-buoyancy self-similar
solution. From that observation alone one may conclude that Eq. (24) should be more useful in
the deep buoyancy regime (large�). Indeed, as we shall see below, the Dentz and Tartakovsky
expression is a decent approximation of the exact self-similar buoyant solutions in the large
� regime. We may note also that expression (24) does not “see” the difference between the
large � regime and the λ → 1 regime, as in both cases �̄ is large. This is certainly not in
correspondence with reality; therefore, the expression (24) is not expected to perform well
in the vicinity of λ = 1, unless � itself is small whence �̄ is finite.

We have examined two cases of gravity numbers that correspond from fast to slow interface
evolution that allow explicitly buoyancy into the flow system. Figure 7 presents the interface
evolution for the fast injection that corresponds to the no-buoyancy situation (� = 0.2) for
different values of mobility ratios, λ. As the λ = 1 case cannot be treated by the Dentz–
Tarkakovsky expression (24), we have chosen to perform our analysis with a mobility ratio
λ = 1.2. Each figure has four curves that correspond to (a) the full numerical simulation, (b)
the numerical solution of the self-similar Eq. (10), (c) the Nordbotten et al. expression (21)
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Fig. 7 Investigation of fast injection for different mobility ratios (no-buoyancy)

and (d) the Dentz and Tartakovsky expression (24). Figure 8 presents the same comparisons
for the slow injection that corresponds to the case where buoyancy is in effect (� = 15) and
for different values of mobility ratios.

Figure 7 shows that for fast injection (� = 0.2) the Nordbotten et al. expression (21)
performs well except in the case of Fig. 7a in which λ is in the vicinity of 1 (or equivalently
λ−1 is small). This is essentially expected. For the fast injection (small �)we are essentially
in the regime of no-buoyancy (� = 0). For the small � the Nordbotten et al. expression (21)
differs little from the exact self-similar no-buoyancy solution, as by construction it is reduced
to the no-buoyancy solution when � vanishes. This is correct for any specific small � unless
λ−1 is not too small itself. In order to verify that we return to the fundamental equation
of the self-similar solutions, Eq. (10), and determine the first perturbative correction to the
no-buoyancy solution (16) for small �. This yield:

χ = λ

(1 + (λ− 1)x)2
+ λ�

λ− 1
(1 − 2x) (25)

This formal result—which is quantitatively meaningful for values of � fairly smaller than
the ones used in this work—shows that the natural perturbation parameter is not � but rather
the parameter �̄ which we encounter in the Dentz and Tartakovsky expression (24). This
feature is preserved also in the higher order perturbations which are too cumbersome to
quote here. In other words, the parameter �̄ and not � is the order parameter of the small
deviations from the no-buoyancy solution. Clearly, as already mentioned above, �̄ is small for
small � unless λ−1 is itself also small. The same conclusion can be reached by looking more
closely at the expression (21). When� is small, the Lagrange multiplier� saturates the upper
bound in inequality (24). Then expression (21) suggests that the order parameter of small
deviations from the no-buoyancy solution is indeed again the �̄ and not really the parameter
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Fig. 8 Investigation of slow injection for different mobility ratios (buoyancy)

�. Interestingly, when both � and λ−1 are small, as in the case shown in Fig. 7a which
corresponds to the largest �̄ among the cases shown in Fig. 7, the Dentz and Tartakovsky
expression appears to perform somewhat better than the Nordbotten et al. expression.

Figure 8 shows that for slow injection (� = 15) the situation is somewhat reversed regarding
the performance of the Dentz–Tartakovsky and Nordbotten at al. expressions. As long as λ−1
is not small, both expressions perform quite decently, with the Dentz–Tartakovsky expression
having an overall better agreement with the full numerical solution. Thus, we may conclude
that both expressions, and especially the Dentz–Tartakovsky one, can be a useful tool for
quick estimates regarding the advancement of the CO2 plume when � is large. When λ−1
is small, both expressions deviate significantly from the full numerical solution, though the
Dentz–Tartakovsky expression estimates better the largest distance where the plume has
spread and it is always better in estimating the smallest distance of the interface from the
wellbore. Therefore, in the large � and small λ−1 region of the parameter space one must
resort to the exact self-similar solutions, which follow very nicely the full numerical solutions,
in order to follow the advancement of the CO2 plume in detail.

6 Summary and Conclusions

We have considered the axisymmetric advancement of CO2 plume, injected in a fully saturated
confined saline aquifer. From the detailed numerical investigation conducted, we reach the
following general conclusions:

The full numerical solutions obtained with Ansys-Fluent showed an overall excellent
agreement with the numerical solutions of the self-similar Eqs. (10) or (15) over the entire
relevant part of the gravity and mobility (�, λ) parameter space i.e., a part where the two-phase
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flow interface exhibits qualitatively distinct behavior that allows one to perform meaningful
comparisons. Other research works which have presented similar comparisons have been
rather less detailed (Liu et al. 2010; Nordbotten et al. 2005).

The region of the parameter space where discrepancies arise between the full numerical
solutions and the associated exact self-similar solutions is the region of small � i.e., when
the rate of the buoyancy effects is smaller than the rate of injection, and large CO2 relative
mobility λ i.e., for a highly mobile CO2 plume through the resident brine. In these cases, an
amount of CO2 mass tends to accumulate at the top part of the interface. The reason is that the
highly mobile CO2 directs itself with ease both upward and outward while the relatively weak
buoyancy, which mathematically operates as radial diffusion, cannot disperse the CO2 mass
accumulated at the top part of the interface. Indeed, according to Eq. (1), the more mobile
invading fluid is going to move upward even for literally zero gravity. When buoyancy is not
weak the mentioned diffusion effects is what gives the interface the shape predicted by the
exact self-similar solutions. The CO2 mass accumulation at the top of the interface is also
visible in other research works (Liu et al. 2010; Nordbotten et al. 2005), but the reasons and
the conditions of its occurrence have not been discussed.

Building on the detailed numerical investigation, we examine the performance of the
simple analytic expressions for the interface obtained by Dentz and Tartakovsky (2009) and
Nordbotten et al. (2005) which were obtained on assumptions additional to self-similarity.
Overall, the Nordbotten et al. (2005) expression performs fairly well outside the region of
the parameter space where � is large and λ−1 is small. In the same part of the parameter
space, the Dentz and Tartakovsky (2009) expression performs also fairly well and slightly
better than the Nordbotten et al. (2005) expression as long as � is large. It performs less well
anywhere else in the parameter space. Therefore, these expressions could be useful tools in
estimating the evolution of the CO2 plume in the associated parts of the parameter space.
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